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SECTION  I 


INTRODUCTION 

One  of  the  most  useful  diagnostic  tools  for  studying  a olasma  medium 
is  a Langmuir  probe , which  consists  of  a small  electrode  immersed  in  the 
medium  and  biased  to  collect  the  charged  particles.  Although  the  principle 
is  simple  conceptually,  the  theory  for  its  operation  can  become  quite 
complicated,  especially  in  nonequilibrium  plasmas. 

With  a Langmuir  probe,  we  can  determine  the  plasma  parameters  from 
the  current-voltage  (i-V)  characteristic  of  the  probe.  These  parameters’ 
are  usually  the  local  charged  particle  density  and  temperature  and  the 
plasma  potential.  A more  ambitious  aim  is  to  derive  the  form  of  the  elec- 
tron velocity  distribution  function.  Thus  far  nearly  all  such  measurements 
were  concerned  with  the  isotropic  component  of  the  distribution  function. 
However,  in  an  active  discharge  With  a sufficiently  strong  electric  field, 
the  distribution  function  is  anisotropic  ,and  both  the  directional  and  tensor 
components  of  the  distribution  function  are  nonnegllgible . Moreover,  at 
higher  pressures,  gradients,  which  exist  in  the  collisional  part  of  the 
sheath,  also  induce  a directional  component  to  the  distribution  function 
with  associated  diffusion  effects.  In  this  report,  our  basic  aim  is  to 
study  the  behaviour  of  electrostatic  probes  in  a nonequilibrium  plasma, 
by  Hiich  is  meant  one  in  which  the  electron  distribution  function  is  neither 
Max-ellian  nor  isotropic.  Pursuant  to  this  goal,  relations  are  derived 
for  the  I-V  characteristics  and  probe  response  to  a calculated  distribution 
function  given  by  the  solution  of  the  collisional  Boltzmann  equation. 

The  electron  energy  distribution  function  is  of  fundamental  import  nee 
in  determining  the  operating  characteristics  of  gas  discharges.  Numerical 
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solutions  of  the  Boltzmann  equation  including  inelastic  collisions  have 
yielded  great  insight  to  laser  discharge  operation.  Certain  features  in 
the  calculated  distribution  functions  can  be  associated  with  energy  regimes 
where  electrons  strongly  excite  the  gas  molecules,  which  is  important  to 
know  for  laser  operation.  However  experimental  confirmation  of  the  forms 
of  the  distribution  function  and  its  components  is  lacking.  Thus  a major 
objective  of  this  research  is  to  develop  an  accurate  method  of  determining 
the  details  of  the  electron  energy  distribution  function  in  molecular  gases 
from  appropriate  electrostatic  probe  measurements. 

The  approach  that  is  used  depends  on  the  pressure  regime.  At  very 
low  pressures,  collisionless  probe  theory  is  suitable.  The  sheath  as  a 
whole  can  be  considered  to  be  collisionless  when  the  sheath  thickness  is 
greater  than  both  the  probe  radius  and  colllsional  mean  free  path.  Sections 
II  and  III  are  concerned  with  such  a situation.  The  electric  field  in  the 
discharge  induces  first  and  second  order  anisotropic  parts  to  the  distribu- 
tion function,  in  addition  to  the  isotropic  part  which  exists  in  any  case. 

We  calculate  new  results  for  the  responses  of  probes  In  terms  of  arbitrary 
forms  for  the  three  components  of  the  distribution  function.  In  Section 
III,  the  change  in  potential  across  the  sheath  due  to  the  discharge  electric 
field  is  accounted  for,  whereas  in  Section  II,  the  voltage  drop  across  the 
sheath  is  associated  only  with  the  potential  applied  to  the  probe.  The  re- 
sults in  Section  II  are  thus  much  simpler.  Various  geometries  are  investi- 
gated, suoh  as  the  one-sided  plane  probe,  the  spherical  probe,  the  cylindrical 
probe, and  a spherical  grid  system.  Both  electron  retarding  and  accelerating 
regions  are  analyzed. 

We  find  that, by  combining  several  probes  of  various  geometries  or 
orienting  a one-sided  plane  probe  at  several  angles,  one  oan  separate  the 
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three  individual  current  contributions  to  the  probe  associated  with  the 
three  terms  in  the  distribution  function.  After  this  is  done,  we  deduce 
relations  which  give  each  part  of  the  distribution  function  in  terms  of 
its  respective  current  contribution.  This  generalizes  previous  works  which 
were  restricted  to  the  isotropic  part  of  the  distribution  function. 

We  recommend  the  geometry  of  a one-sided  plane  probe  for  use  in  the 
collisionless  regime.  In  conjunction  with  this,  in  Appendix  A,  we  pro- 
vide a parameter  map  delineating  the  regimes  of  operation  for  a plane 
probe  in  a nitrogen  plasma, and,  in  Appendix  B,  we  specify  the  construction 
details  of  such  a probe.  Computer  programs  are  listed  and  explained  in 
Appendix  C.  These  programs  provide  numerical  means  for  calculating  I-V 
characteristics  from  the  distribution  function  and  vice  versa.  In  Section 
IV,  results  based  on  sample  calculations  using  the  computer  programs  in 
Appendix  C are  plotted. 

As  the  pressure  is  raised,  the  quasicollisional  regime  is  encountered 
where  the  probe  radius  becomes  comparable  to  or  larger  than  the  mean  free 
path,  with  the  mean  free  path  still  larger  than  the  sheath  thickness.  This 
situation  is  analyzed  in  Section  V.  The  presence  of  the  probe  is  felt  by 
the  external  plasma,  since  charged  particles  have  to  diffuse  from  the  undis- 
turbed plasma  up  to  one  mean  free  path  from  the  probe  surface.  Diffusion 
through  the  quasicollisional  part  of  the  sheath  implies  that  it  creates  a 
directional  part  to  the  distribution  function  in  addition  to  a change  in  the 
isotropic  part.  Macroscopically,  the  plasma  density  in  the  quasicollisional 
sheath  near  the  probe  can  differ  substantially  from  that  in  the  undisturbed 
plasma.  To  simplify  matters,  we  omit  in  this  section  the  anisotropic  effects 
associated  with  the  external  electric  field  and  include  only  the  new  direc- 
tional contribution  and  change  in  the  isotropic  distribution.  We  provide 
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relations  for  the  I-V  characteristics  in  this  regime  which  include  these 
effects,  generalizing  the  works  of  other  authors  who  included  only  the 
change  in  the  isotropic  part  of  the  distribution  function.  Our  results 
reduce  to  the  collisionless  limit  as  the  mean  free  path  becomes  very 
large.  In  the  quasicollisional  regime,  the  isotropic  part  of  the  distri- 
bution function  can  still  be  derived  by  iteration  from  the  probe  response. 
However,  the  analysis^  based  on  free  electron  diffusion,  omits  ambipolar 
effects  and  is  valid  only  when  the  ion  temperature  is  very  much  less  than 
the  electron  temperature . 

At  still  higher  pressures,  corresponding  to  the  continuum  limit  where 
the  mean  free  path  is  less  than  the  sheath  thickness,  we  are  able  to  derive 
I-V  characteristics, given  the  isotropic  part  of  the  distribution  function, 
but  not  to  accomplish  to  inverse.  We  provide  in  Section  VI  a hybrid  theory, 

modelled  on  a double  layered  sheath  which  consists  of  an  inner  collisionless 

' 

layer  and  an  outer  collisional  layer.  Our  theory  can  be  applied  to  any  given 
form  of  the  isotropic  part  of  the  distribution  function,  any  mean  free  path 
variation  with  electron  energy, and  any  of  three  geometries,  namely , plane, 

I,  sphere, or  cylinder.  It  incorporates  flow  effects  associated  with  ambipolar 

, diffusion  and  electrostatic  space  charge  fields,  both  of  which  cause  the 

distribution  function  to  acquire  a directional  component  within  the  colli" 

* sional  part  of  the  sheath.  Using  our  formulation  in  Section  II,  which  allows 

for  anisotropic  effects  in  the  distribution  function, we  can  match  properly  at 
the  boundary  between  the  collisionless  and  collisional  parts  of  the  sheath. 

Thereby,  we  provide  proper  moment  relations,  or  averages  over  the  distribution 

i 1 

function,  which  include  these  flow  effects.  Our  relations  generalize  other 
hybrid  theories  which  did  not  have  available  our  present  results  in  Seotlon  H. 
Finally,  in  Seotion  VH,  we  discuss  our  results,  and  give  our  oonoluslons. 
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SECTION  II 

COLLISIONLESS  PROBE  THEORY  FOR  AN  ANISOTROPIC  DISTRIBUTION  FUNCTION 

1 . INTRODUCTION 

Due  to  the  strong  electric  field  within  the  active  discharge,  the 

electrons  acquire  an  anisotropic  energy  distribution  function.  Our 

prime  interest  lies  in  the  electron  retardation  region  from  which  the 

details  of  the  electron  distribution  functions  are  obtainable.  The 

anisotropy  is  written  in  terms  of  spherical  harmonic  components , and  the 

analysis  is  performed  by  including  f , fi  and  f 2 , viz.,  up  to  second  order 

o ~ ~ 

tensor  terms.  For  the  plane  probe,  we  can  generalize  the  calculation 
of  the  electron  current  density  to  include  all  parts  of  the  spherical 
harmonic  expansion  of  the  distribution  function.  We  find  that  all 
parts  contribute  to  the  current  at  a plane  probe.  Consequently,  the 
isotropic  part  of  the  distribution  function  cannot  be  derived  by  the 
usual  method  of  taking  the  second  derivative  of  the  current  with  respect 
to  potential.  Nonetheless,  fi  can  be  deduced  from  the  difference  of  the 
currents  intercepted  by  the  probe  facing  forward  from  that  facing 
backward. 

Next  we  analyze  the  response  of  a spherical  probe  and  find  that 
the  fi  and  £2  parts  of  the  distribution  function  do  not  contribute. 

This  suggests  using  a spherical  probe  to  deduoe  f from  the  current  in 
the  retardation  region. 

The  response  of  a cylindrical  probe  is  also  investigated.  In  this 
case,  fi  doesn't  contribute.  If  the  isotropic  currents  in  a retarding 
potential  are  eliminated  between  a spherical  and  cylindrical  probe,  the 


net  current  at  the  cylinder  is  due  to  the  jf*  contribution.  Thus,  £* 
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can  be  deduced  by  using  two  probes,  the  sphere  and  the  cylinder.  A sphere 
and  a plane  probe  will  do  as  well. 

In  a retarding  potential,  the  current  intercepted  is  found  to  be 
independent  of  the  sheath  radius  even  with  the  £2  anisotropic  term  which 
appears  in  the  cylindrical  case.  However,  in  an  accelerating  potential, 
the  current  intercepted  depends  on  the  ratio  of  sheath  to  probe  radius  for 
a sphere  or  a cylinder.  The  results  become  independent  of  this  ratio  in 

f 

the  limits  of  thin  or  large  sheaths.  For  a thin  sheath,  the  results  for 
a cylinder  and  sphere  are  derivable  from  the  plane  probe  results. 

An  alternative  electrostatic  analyzer,  namely,  a sph^ical  grid  system, 
is  then  investigated.  Finally,  the  analytical  results  are  summarized. 

A few  basic  assumptions  are  made.  First, we  assume  that  the  external 
electric  field  in  the  discharge  is  sufficiently  weak  that  the  particle 
drift  velocity  is  less  than  the  thermal  velocity.  Furthermore,  we 
assume  that  the  electric  field  variation  multiplied  by  the  collecting 
probe  plus  sheath  dimension  (actually  the  part  with  normal  projected 
parallel  to  the  electric  field)  is  negligible  compared  to  the  probe  poten- 
tial. The  following  Section  III  redoes  the  analysis,  including  correction 
terms  due  to  this  last  effect.  We  also  assume  that  the  sheath  is  concen- 
tric or  parallel  to  the  probe.  In  this  section,  we  adopt  a collisionless 
sheath  model  which  requires  a sufficiently  low  pressure  that  the  mean 
free  path  is  greater  than  the  sheath  width  and  probe  dimension.  We  also 
assume  that  the  electric  field  at  the  sheath  edge  is  predominantly  due 
to  the  external  electric  field  rather  than  to  the  potential  decrease 
associated  with  the  potential  on  the  probe.  These  assumptions  are  more 
thoroughly  discussed  in  Appendix  A,  which  also  provides  a parameter  map. 
Appendix  B gives  the  design  and  oonstruotion  of  a plane  probe. 


2.  THE  PLANE  PROBE 

a.  Retarding  Region.  Calculation  of  Electron  Current  Density 
from  the  Electron  Distribution  Function 

Let  the  one-sided  plane  probe  be  oriented  with  the  normal  along  the 
Z-axis  (see Figure  l).  Then  each  electron  whose  minus  Z-velocity  compon- 
ent, -vz  ,is  smaller  than  -yq  ■ -(ZV^/m)^  will  reach  the  probe.  Here,V ^/e 
is  the  magnitude  of  the  probe  retarding  potential  with  respect  to  the 
potential  at  the  sheath  edge, and  e and  m are  the  magnitudes  of  the 
electron  charge  and  mass.  The  magnitude  of  the  electron  current  density 
at  the  probe  surface  is  -Y 

O oo  oo 

k=e  ! I f TWTX  (!) 

-00  -00 

where  f*  is  the  electron  distribution  function  just  outside  of  the  colli- 
sionless sheath.  The  star  signifies  that  f*  is  expressed  in  the  XYZ 
coordinate  system  attached  to  the  probe.  Transforming  to  spherical  coor- 
dinates (r,  6,  #)  in  the  velocity  space,  we  write 


Figure  1 . Coordinate  System  for  the  One-Sided  Plane  Probe,  with  the  Outer  Side 
Collecting  Charge 
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where 


e.*-0^)  2n 

= e j j j (vcoa  Ojf^sin  0dvd9  d* 


▼ IT 
O 


©<!  (▼)  = ooa'1  (Vq/t) 


(2) 


The  electron  diatribution  function  ia  expanded  in  terma  of  Cartesian 

1 

tensors  or, equivalently,  in  terms  of  spherical  harmonics  } thus 


{*  * f*(v)  + f*  (v).;S/v+|*(v):vv/v2  + ... 

= ; f *(v)  P “ (cos©)  [S  cosm*+  8 sinm$] 
L,  1ms  1 08  18 


(3) 


l,m,s 


where  ia  an  associated  Legendre  polynominal  and  8^  is  the  Kronecker  func- 
tion equal  to  1 or  0 depending  on  whether  its  subscripts  are  equal  or  not. 
Since  9 ia  the  angle  of  v with  respect  to  the  Z axis,  and  i ia  the  angle 
in  the  XT  plane  of  v with  respect  to  the  X axis,  the  two  expansions  in 
Eq.  (3)  are  equivalent^  with, for  example,  the  identities 

f100  = f1Z*  f200  = f2ZZ  8114  f220  * ? ^f2XX“f2YY^  ^ 

• * * * 

The  tensor  also  has  aero  trace,  i.e.,f9TT+  f?77  = 0. 

We  first  integrate  Eq.  (l)  over  * after  inserting  Eq.  (3).  This 

yields 
2v 

j {* d*  * 2»  Z ^*0^(0089)  = 2#[f*  + f*zcos  0+  f*zz  ^Oeos*  9-1 )]+. 


(5) 


Further  integration  of  Eq.  (1 ) over  0 up  to  1 ■ 2 yields 
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= ^OZ”  ^1Z+  ^2Z 


(6) 


with 


1 = ire 

J0Z 


00  00 

I V,f*(v)sln2ei  (y)cLy  = ve  j V* [ 1 - (vQA)23f*(v)dY  (?) 


and 


00 

J1Z  = 3 *e  ( ^ " (Vv)3]fTz(v)dv 

To 

oo 

>2Z*in!  2(’</’>‘  - «VT)41,2Z2WiT 


(8) 


(9) 


Defining 


U ■ -y  mY2  , Kft  ■ 2ire/m2  and  since  Vp  ■ ^ mY^ 


(10) 


with  U and  V in  MKS  units  (i.e.  in  Joules),  one  can  express  Eqs.  (7)  to  (9) 
P 


as 


J0Z 


oo 

= Ko/  <D-V)f* 


(u)dU 


i1z  = K / "II  - <V/0*1<ZC">® 


(U) 


(12) 


^2Z  = ~ 


■*V' tD* 


2V„-  3Vt/tj]f2zz(U)dU 


P P 


(13) 


The  above  results  can  be  generalized  to  inolude  higher  order  terms. 
Substitution  of  Eq.  (3)  into  (l)  giYes 


in  • 2re 


^f[00(,r)  j P1(oos0)cosesinOd0-2we^|  *rr>  f'^vlfp^xdx 
1 " w-9.  1 o xa 


(14) 


« 
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(15) 


where  x„  * cos9. (v)  = v /v.  use  the  relations 
o 1 o 

P^-x)  = (-l)1P1(x) 


and 


[ pn(x)xdx  = (2n+1 ) \_  ( 2no)  ^n“  Pn+2^  + (2n-l)^Pn-2”  Pn^J 

x 

o 

and  obtain  Jz  = E (-1  )1JLZ  with 
00 

iiz  ■ Tirn  /dI  ^looM  [(&j)pi-pi.2>* (lTrT)pi-2-r  ] ('7) 

yo 

where  the  argument  of  the  P's  is  Tq/t  or  (V In  terms  of  U, 

2K  00 

JlZ  = T2Ul7  / dDUfloo(U)  [(fe^)(Pl'Pl+2)  + (^)(P1-2“P1)]  (18) 

V 

P 

Equations  (17)  and  (l8)  reduce  to  Eqs.  (6)  to  (13)  when  1=0,  1 and  2, 
upon  using 

P0  * p_1  = 1 , p,,  = (V/U)*,  P2  = i(  3 yfc  - 1 ) , P3 = Kv/CJ)*(5V/tJ-  3) 


and 


P4  = -g  ^(V/tT)*  - 30Vp/0+  3] 


09) 


b.  Accelerating  Region 

In  the  case  of  an  accelerating  voltage,  the  upper  limit  on  v^  is 
zero.  For  generality,  we  Investigate  as  well  the  particle  accelerating 
region  and  the  effect  of  its  anisotropic  distribution  function.  Thus 
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a/2  2a 


*"///  vcoa  0f  v*sin0 


dGdi 


0 it  0 


a/2 


= 2 ae  I J Vs  sin©  cos8  E(-1 )^flooP1(cos0)dvd0 


O o 


= ^(-l)1* 


lz 


(20) 


To  perform  the  0 integration,  we  use  the  following  equality  for  n=  0,  1 
and  n even,  ^ 

(21) 


/ P (x)xdx  = / ■■  f — — \ 

J n uTSV® 
5 y 2 J y 2 J 


where  T is  a Gamma  function.  If  n is  odd  and  greater  than  one,  the  answer 
is  zero.  We  thus  obtain  (except  for  1 * 3,5,7  etc.)  the  following: 


J1Z  = 


2f 


v3/*e  r z * i \ a?*e 

— / ^floo(v)dy  * ~ 


^ 2 J \2  ) 


2 o 


(22) 


In  particular 


J0Z  = ffe 


j r*f*(v)aT  = Ko  j Of*(u)dD 


(23) 


Jiz  * -l2  / <zw® 


and 


J2Z  * T l*f2 BW1?  = T / 


(a.) 


(25) 


Thus  up  to  1*2 


J,  - *0  / °ff>)  - f f*z(D)  ♦ i 4z(0)1®  <26> 


A 


c.  Electron  Current  Density  for  any  Orientation  of  the  Plane  Probe 
Let  the  coordinate  system  in  the  plasma  be  xyz  with  the  z-azis  along 
the  anode  to  cathode  direction,  parallel  to  a constant  external  electric 
field  within  the  active  discharge*  The  previous  results  obtained  for  a 
plane  probe , with  normal  oriented  along  the  Z-axis  and  coordinate  system 
XYZ  attached  to  it,  can  be  related  to  the  xyz  system.  We  perform  a 
transformation  from  the  xyz  to  the  XYZ  system  by  0-<t>  rotations,  where  0 
and  <f>  are  Eulerian  angles  ’ . The  <f>  rotation  is  performed  first  about 
the  z-axls  in  the  xy  plane , changing  to  a coordinate  system  x'y'z'  with 
<t>  as  the  angle  between  the  x and  x*  axes.  The  0 rotation  is  performed 
next  about  the  x*  or  X-axis  with  0 as  the  angle  between  the  new  Z ana 
original  z-axes  (see  Figure 2).  Let  f and  f be>  respectively  >the  electron 
distribution  functions  in  the  coordinate  systems  attached  to  the  probe 
and  to  the  plasma.  The  rotation  matrix  is 


Figure  2.  Eulerian  Angle  Transformations  from  Coordinate  Systems  xyz  to  XYZ 
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The  components  of  f transform  thus: 


f = f , 
o o* 


fu ' j 1ufi  j 


“4  V*lf2jl  <28> 


In  the  matrix  notation 


and 

- * * • ■ 

f f f 

ZXX  2XY  2XZ 

* * • 

f f f 

2YX  2YY  2YZ 

* * • 

f f f 

2ZX  2ZY  2ZZ 


l1X 

* 

f1Y 

f1Z 


V BXs 
*Yy  ^z 

RZx  ®Zy  ^z 


k1x 


iy 

F1z 


®Xx  ®Xy  ®Xz 
®Yx  *Yy  ®Yz 
RZx  RZy  ^z 


f f f ' 

2xx  2xy  r2xz 

f f f 

2yx  2yy  2yz 

f f f 

2zx  2zy  2zz 


(29) 


RxX  RyX  RzX 
RxY  RyY  RzY 
RxZ  RyZ  RzZ 
(30) 


In  particular 

f*  = f,  sindsin^-f,  sindcos  <t>  + t.  cos  6 
1Z  lx  iy  iz 


(3D 


f2ZZ  = f2xx8in*flBina^+  f?yysln2fl008*^+  f2zz00fl2fl  ~ 2f23[y8ill4e8in0  c08$ 


+ 2f2xssinfl  cosdsin#-  Zf^y^sinfl  cos®  oos$ 


(32) 


We  obtain  j=  jQ-  with  ***  three  contributions  given  by  Eqs.  (11) 

to  (13)  and  f*  and  f*  given  in  Eqs.  (31)  and  (32).  When  9=0  , only  f^ 


and  f , 


2zz 


'1Z  *2ZZ 
contribute, and  we  denote  the  current  by 

1 = jo"  J1z+  32z 


(33) 


The  f^z  part  of  f remains  only  if  one  subtracts  the  currents  obtained 
from  the  one-sided  plane  probe  oriented  in  the  z -direction  (0  * 0)  from  that 
oriented  in  the  -z-direotion  ($  = *■).  Denote  this  ourrent  difference  by 
J • Then 
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90 

Jz-  = - 3 Ko  / U[1  - (T/’^ ]f  1 ,(D)ro  (3fc) 

TP 

1 

By  so  doings  the  = ” 2 ^z-  Par^'  can  deduced.  Adding  the  currents 
on  both  sides  gives 

OB 

K*  ' a!o/f[D-,TplfO(D)*i  ^ + ^p”  “ <35> 

V 

p 

which  involves  fQ  and  f2zz  only.  Consider  now  slow  rotation  of  the  plane 
probe  around  the  x-azis  with  angular  velocity  less  than  v A , where  v is 

0 S 0 

the  electron  thermal  velocity  and  A is  the  sheath  thickness.  The  average 

s 

current  density  after  a complete  revolution  is 
2 ir 

j«*/x  - 5r  / W*=  °’9)ae 

o 

oo 

1 KoJ  [<D- Vfo(n>  • 5 t0*  *V an  (36) 

which  depends  on  fQ  and  f^  only.  Similarly  potation  about  the  y-axis 
giT68  jfl^/y  fgyy'8  replacing  f 9 ^ . and  rotation  around  an  i-axis  located 
in  the  ay  plane  gives  with  WS  replacing  f^.  If  is  obtainable 

by  some  other  means  — a spherical  probe  will  do  as  is  shown  later  — then 
*qs.  (35)  and  (36),  after  subtracting  Jq,  will  contain  only  the  |2  com- 
ponent a,  and  the  J2z  part  can  be  separated. 

d.  Derivatives  of  Current  with  Respect  to  Potential  and  Deduction 
of  the  Components  of  the  Distribution  function 

In  the  ease  of  an  isotropic  distribution  f f the  seoond  derivative 

o 

of  J with  respeot  to  Vp  (in  the  retarding  region)  is  proportional 
to  fo(Vp).  This  result  has  been  used  to  derive  the  distribution  function 
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from  probe  characteristic a.  For  anisotropic  distributions,  it  turns  out 
that  the  second  derivative  includes  terms  in  and  £2  besides  tQ: 


00 

VK0  / [tlMrp]fo(0)-f  0[l-(Yp/b/i]f’z(D)»  J [U+2Yp  — 

V (37) 

p £ 


dW 

dV 


jr 

= K / [^77  - n 42<d>J40*  wv  - ftz<V  * f^(V]  (3,) 


Because  of  the  integrals  remaining  in  Eq.  (39) » one  cannot  get  directly 
fo’  f1Z  ,and  f2ZZ  fr°m  d **0tf/dVp' 

Suppose , however , that  the  jQ,  ,and  parts  of  j=  JQ-  + J2  can 

be  separately  deduced.  (Let  the  d<f>  additional  subscripts  on  ^ and  jg 

be  understood  below.)  In  the  previous  subsection,  we  indicated  that  this 

was  possible.  Then  f is  obtainable  from  i given  in  Eq.  (ll)  in  the 
* o o 


usual  manner: 


1 d2jo 
f (y  ) _ J_ -2 

ovV  K dV^ 

* op 

From  Eq.  (12),  we  can  deduce  f^z  by  differentiation  in  the  following 


(40) 


manner; 


P* (7 , ' fiiih  (w) 

riz(V  *.  pw.Lt1  4TP  J 


To  derive  f2ZZ»  we  need  the  integral  of  jg  in  addition  to  its  derivatives. 
We  note  that 
J,(V) 


/ ^dV*"?Ko/[2^-Vp^-D^f]f2ZZ^dU 


(42) 
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s 


* 


Using  Eq.  (42)  and  the  parts  of  Eqs.  (37)  to  (39),  we  can  now  3olve 
for  f2ZZ  to  giV° 


* 1 ' d ^2  3 d^2  3 3 [ _ 1 

f2Z2  1 Ko  - 2Tp  3^  * 4^  j -^7T  aTJ 

p V 

p 

* * 

Thus  f , f. „,and  foiy(7  can  be  deduced  if  the  currents  j , j.,and  i_ 
o 1/1  o 1 2 

j = Jq  - can  be  separated* 


(43) 


in 


3.  THE  SPHERICAL  PROBE 


a.  Surface  Integration 

The  total  current  to  a probe  is  the  Integral  of  over  the  probe 

area*  For  a plane  probe,  this  is  simply  times  the  surface  area.  A* 

Edge  effects  can  be  reduced  by  using  a flat  ring  concentric  with  a flat 

disk,  both  of  which  have  the  potential  7^,  but  only  the  current  fi*om 

the  disk  is  analyzed.  A sphere  has  no  edge  problems,  although  its  support 

may  Introduce  unwanted  effects. 

The  total  current  to  a spherical  probe  is 

ir  2m 

1 = /V*A  = j I j^r*sin0  d*  d*  (44) 

0=0  4>=o 

where  r^  is  the  probe  radius.  We  show  in  the  next  subsection  that  only 

• • • 

the  floo  spherical  harmonic  components,  or  fQ,  and  tZzz  up  to  secon4 

order,  contribute  to  Thus  can  be  written  as 

*0*  = Jo"  J1  + J2  = Jo”  Z RziJ1i+JZ1  RzAlJ2Jl  ^ 

similar  to  Bq.  (28)  for  the  f components.  From  Bq.  (27)  for  R or  inspect- 
ing Bqs*  (29)  to  (32),  one  obtains 
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/ J„dt  . 4.  rj J0,  |j,dA  = 0 
/ J2dA  = i * J2m)  = 0 


since  jg  related  to  ^zz  an^  ^ensor  traceless,  viz., it  satis- 
fies tn + + tn  = 0.  Thus, we  note  that  I is  related  only  to  j , or 

2xx  2yy  2zz  o 

I = A«Tpj0  (47) 

The  above  assumes  that  the  sheath  surface  is  spherical  and  concentric  with 
the  probe.  This  is  valid  if  the  perturbations  due  to  f^  and  f 2 or  and 
J2  are  small. 

b.  Retarding  Region 

Consider  an  element  of  spherical  surface  at  the  sheath  position, 

r = r , and  let  the  normal  be  in  the  Z -direct ion.  In  the  XT  plane  we  write 
s 

Vj  = q sin  4,  Vy  = qoos*  and  q2  = v^+  v^.  (48) 

A charged  particle  moving  from  the  sheath  surface  to  the  probe  surface 
conserves  its  momentum  and  energy  within  the  collisionless  sheath,  so  that 

rpS=rsqs  and  *Zp  * is+qs’<"C2(Vp_Vs)/m]  (49) 

Henceforth  we  write  V instead  of  V - V with  the  understanding  that  V 

p p s p 

is  measured  with  respect  to  V . In  order  for  the  particle  to  reach  the 
probe,  we  require  v^>  0 and  v^,g>  0,and  the  condition  on  qg  is  q2  < q*  , 
where  i 

“4  '„•(-?)  (50) 


Henceforth  subscript  s is  to  be  understood  on  v^  and  q. 


«*»•* 


The  current  81  through  a spherical  element  of  surface  at 


r = r can  now  be  written  ai> 

8 -T 


81 


o at  2v 

= J Tzdyz  j qdq  j d*  f >(V  qalnf,  qcos  #)  (51) 


Substituting  Eq.  (3)  for  f into  this  expression  and  integrating  over  * 
yield  -v. 


81 


er 


2ff 


o qi 

/ TZdTZ  / qdq*  flooPl(co80) 


(52) 


Hence  the  current  is  related  only  to  the  f^0Q  components  ,and  81^  is  pro- 

* 

portlonal  to  f?77  for  any  orientation  of  the  spherical  surface.  These 
facts  are  used  in  the  previous  subsection  to  show  that  1^  and  do  not 

contribute  upon  integration  over  solid  angle.  We  are  therefore  inter- 


ested here  only  in  SlQ,  vis*» 


» f VTz  Jo 


qdq  f0(vq) 


(53) 


In  a spherical  coordinate  system  with  vz  = vcosS  and  qsvsirfl  (see  Figure  3) 
we  find  q 


Figure  3*  Spherical  Velocity  Space  In  the  Retarding  Region.  If  v<  | v | , 
the  integration  region  Is  nil.  If  v> |v  |,  the  integration0 
region  lies  between  0 ■ v - 8q  or  q*  » and  8it 


18 


d8  alnQ  oo80 


81 


e r 


= 2ir 


o v 

I v3 dv  f0(y)  f 
o ir-e 


(54) 


The  angle  6q  is  here  defined  by  the  q*  = equality,  which  is 

y*3ina0o  = I*  CO8*0O"  ^ or  al**0o  “ ^ f1  ” ("t)  J (55) 

Integrating  Eq.  (53)  yields 


81. 

er* 


(56) 


or 


and 


81  • 

jQ  ■ pr-  = wef  vdv[v*  - v£]fQ(v)dv 

v J 


o 

8«r*r*e 


or  r e r 

I X X 4*8I0  « -p*-  j [U- Vp]  f0(u)dU 


(57) 


(58) 


This  result  shows  that, as  far  as  f is  ooncerned,  the  j contributions  for 

o o 

the  plane  and  spherical  probes  are  identical  and  independent  of  r . It 

0 

is  known  that  this  is  true  for  the  cylindrical  probe  as  well,  as  will  be 
shown  later* 

For  the  spherioal  probe,  the  and  terms  give  no  net  contribu- 
tion to  the  total  ourri  at*  The  second  derivative  of  I can  then  be 


used  to  determine  the  f terms 

o 


f (V  ) » ----- 

0 ? • 


ft 


(59) 
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c.  Accelerating  Region 

For  an  accelerating  potential,  the  sign  of  the  2(v  -V  )/m  term  in 

P 0 

Eq.  (49)  is  changed,  so  that  in  Eq.  (50)  the  quantity  q1  is  now 

r2  r2 

q1  = prfp- v^]-p[^+v^]  with  p-pr (60) 

3 p 8 P 

Also  the  limits  on  vz  are  now  toO  . Thus  Eq.  (52)  reads 

51  f°  V 

pr-  = 2ire  I vzdvz  Iqdq  2 fioo^vz  »9)Pi(cos0)  (6l) 

3 -00  o ^ 

As  before,  we  are  interested  here  only  in  the  1=0  term  since  the  1 = 1 and 
1 = 2 terms  give  zero  contribution.  In  a spherical  coordinate  system  (see 
Fig  ure  4) , we  find 

81  VPv0  » oir 

-r  ~ 2 we  [ v’dv  f (v)  [ d0sin0cos9  + 2ire  / v^dv  f (v)  [ dBsin6cos6 

rs  J 0 J J 0 J 


where  0q  is  given  by  q"  v cofi0Q  = q^ 


-.■Hr-©] 


9 


Figure  4.  Spherical  Velocity  Space  in  the  Aooelaratlng  Region.  If  v< 
|vjv  | , the  angle  8 varies  from  w/2  to  v.  If  ▼>  |Vpv  j , the 
angle  6 varies  from  0 = * - 0 or  q = q^  to  0 = v 
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Integrating  Eq.  (62)  yields 


= ire  J dvr*  fQ(v)  + we  j dv v3  fQ(v)  j~1  + J 

3 


(64) 


Now  JQ  = 8lQ/r^  and  I = 4»r* JQ,  giving 

V?h 


I = 4ir2e  jV  J dvv3fo(v)  + r*  j dwv fQ(v)[v*  + v£] j 
° ^ 


(65) 


If  the  sheath  position  is  close  to  the  probe  radius,  as  is  often  the  case 


in  the  pressure  range  above  a few  torr,  we  approximate  r ~ r and  p»  1 

s p 

to  give 


&r*r-a 


er 


I = 


oo 

I duuf0(u) 


(66) 


o 

Note  that  this  is  the  same  result  as  for  a planar  element  of  surface 
integrated  over  a sphere  (see  Eqs.  (47)  and  (23)) • This  is  reasonable 
since  the  partioles  see  a planar  element  of  probe  surface  if  the  sheath 
thickness  is  negligible.  We  also  note  that  the  more  general  expression 
in  Eq.  (65)  reduces  to  the  standard  Langmuir  relation^*'*'’  for  a Maxwellian 
distribution;  vis., if  f (u)  = n (iq/arkT  )/*  we  obtain 


4.  THE  CYLINDRICAL  PROBE 

a.  Surface  Integration 

The  total  current  to  a cylindrical  probe  is 

1 - v / v <6e) 

where  a.  ±a  6 or  <t>  depending  o:*  the  orientation  of  the  cylindrical  axis  and 
L is  the  length  of  the  cylinder.  Let  the  axis  be  oriented  along  the  X-axis. 
Then  from  Eq.  (3l),  we  have 

= »i**cos*  + J^cosd 

We  assume  again  that  the  sheath  is  cylindrically  concentric  with  the  probe. 
This  implies  that  the  and  perturbations  are  small.  We  can  integrate 
over  6 from  0 to  2r  and  find  that  / J^^do  = 0,  so  that 

i’v7tjo**wto‘ <»> 

In  the  next  subsection,  we  evaluate  the  Iq  and  1^  contributions. 

b.  Retarding  Region 

Consider  a strip  element  of  cylindrical  surface  at  the  sheath  posi- 
tion, r*r  . Let  the  axis  be  in  the  X-dlreotlon  and  the  normal  to  the  strip 

be  in  the  Z-direction.  The  current  element  31  passing  through  r»r  over 

8 

a length  L is 

TC  os  <J| 

* / VTZ  / dYX  / 4V*(WV  (70) 

°°  -qi 

Here  q^  is  obtained  from  momentum  and  energy  conservation  relations  for  a 
particle  moving  from  the  sheath  position  to  the  probe,  namely, 

Vu'Vy.  *”4  (71) 
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(72) 


Hie  condition  for  a particle  to  reach  the  probe  is  0 and  0 

or  vi  < q*  .where 

Tfl  1 r2  2V 

s p 

with  V denoting  7p“va»  »°  subscripts  on  tz,  Tyf and  are  to  be 
understood  henceforth. 

Let  us  first  integrate  Eq.  (70)  in  the  XY  plane  over  *.  Let 

q2  = **  + Tj  = qcos®,  Ty  = qsin* 

Referring  to  Figure  5,  we  see  that,  if  q2  < , then  the  limits  on  $ are  0 

to  2ir.  If  q2  > q* , then  the  * limits  are  from  -®  to  # and  from  w-®  to 
tr+$Q.  Here  ®q  is  determined  by  the  condition  that  4 “ 1i  or 


Let  us  now  substitute  the  spherical  harmonic  expansion  in  Eq.  (3)  for  f 
into  Eq.  (70). 


Figure  5.  Velocity  XT  plane  for  the  Cylindrical  probe  in  the  Retarding 
Region 
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The”  -V°  « > 2. 

/ V’z  ( / qiq  f"m»Pl(,''0Se)  j»[«osM»n«-.81aSl™»] 


lms 


+ 

<n 


00  V 

/qdqfL /P0080)  J° ^cosntf  + S ^ asinnd] 


o 

ir+fc 


+ J <l<1<lfLsPl(cO80)  f d$[S0  ^cosntf  + 8^  ^sinn#]^  (74) 

ir-i 

o 

In  the  first  term,  we  obtain  a contribution  only  when  m = 0 and  s = 0.  In 
the  second  plus  third  terms,  consider  first  the  m=0  term.  The  $ inte- 
gration then  contributes  2*4  8 S . Consider  now  the  m>  1 terms.  The 

o os  om 

8.  terms  give  zero  contributions.  The  8 contribution  in  the  second 
is  os 

term  cancels  that  in  the  third  unless  m is  even,  so  that  the  $ integra- 
tion for  both  these  terms  gives  (2/m)Tl+  (-1  )m]  sinm$  . Hence  we  obtain 
-v  0 

O Q 1 oo 

sir = / vzdvz  f /**«  J 27rfioopi(cO30)  + / fLpi(co30)4*o 


00 

i dqq  Yj  fl"»Pl(OO80)  rn  sinm4o[i  + )1D]] 


H l,m>  1 

" (»I,t«Ib.«I<))AreL 

Now  we  integrate  over  0 in  the  qZ  plane  with 


(75) 


= v cos  0,  q = v sin  0 and  v*  = v*  + q2 

z 


Referring  now  to  Figure  3 for  the  first  term  in  Eq.  (75),  we  can  immediately 
write 
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where 


gj  ^ > o n 

— -a—  = 2n  ^ J Vs dvf^Q0(v)  J d0sin0cos0  P^(co30) 

1 oo  7T-^ 

O 


sirf'e  = fi  - fs£\ 


o r 


K*). 

Let  x = -co30.  Then,  since  P^(-x)  = (-1)  P^(x),  we  obtain 


(76) 


81  00  1 

^ = 2ir  L/  v"dv  f*°°(v)  / dxx  (_i )lpi(x)  (7?) 

1 V0  CO 30 

o 

Let  us  refer  now  to  Figure  6,  which  indicates  the  region  of  integration  for 
the  second  and  third  terms  in  Eq.  (75) • If  |vq|,  there  is  no  contribution. 


q 


Figure  6.  Spherical  Velocity  Space  in  the  Retarding  Region  in  the  Investi- 
gation for  a Cylindrical  Probe 
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If  v>  | vq|  , then  the  limits  on  0 are  ir-0i  to  ir-0^, where  sin20Q  ia  given 


above  in  Bq.  (76)  and 


COJS01  = vq/v 


Thus  substituting  Eq.  (73)  for  *q  and  letting  x = -cos0,  we  obtain  with 


P * V(rs"rp) 


Y,J  a’  ’’  fioo(,)  / 3x1  )VX,'M’1""  [ ]*  J 


COS01 


For  SI  we  write 
c 


wvov 

Si  00  o 

sr  - / «’*’  l,  *L  I : sl“n*ot1 


o l,m>1  cos0< 


with  *Q  given  by 


sin2*  = P[vV  - v2]/tv*(l-x*)l 


Consider  first  the  1 = 0 term.  Since  m < 1,  we  require  m=0  and 
therefore  81  = 0.  The  expression  for  81  in  Eq.  (77)  gives  immediately 

C ft 

81  r2  00 

= fdvvf0(v)[v*-vy  (82) 

8 8 J 


The  integral  In  Eq.  (79)  for  81^  can  be  evaluated  thus.  Let 

P[T»X*  - V2] 


When  x = oos0Q>  one  obtains  y = 1, and, when  x=  oos9i , one  obtains  y=  0. 
Equation  (79)  becomes 
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Adding  Eqs.  (82)  and  (86)  yields 


si  ; 

= n f 


dv  v fQ(v)[ - v£] 


Thus  8 1 ■ j r L is  independent  of  r , as  mentioned  previously, 
o o p s 

Performing  the  integral  over  a from  0 to  2n  in  Eq.  (69)  yields  with 


U ■ mv  /2 


4>rar  Le  f 

».  ■ - / 


I.  = 2irr. 
o p 


duf0(u)[u-vp] 


This  result  for  is  the  same  as  for  the  planar  or  spherical  probe  but  it 
is  multiplied  here  instead  by  the  cylindrical  area,  2rr^L. 

Consider  now  the  1 = 2 terms.  As  mentioned  in  the  previous  sub- 
section, the  1 = 1 term  integrates  to  aero  over  a.  For  1=2,  we  equate 

f2oo  * f2ZZ  ^8®e  Bq*  “a*  p2(*)  = i(3at*  - 1).  Equation  (77)  for  8Ift 
Integrates  immediately  to  give 

To 

after  Eq.  (76)  for  sin*  is  substituted.  Ifith  the  substitution  for  y 
in  Eq.  (83),  81^  in  Eq.  (79)  becomes 
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We  use  the  formula  in  Eq.  (85)  and  in  addition  the  formulas 


Consequently, 

5Ib  _ r" 


/T  v2-,r-r  r2 


In  the  expression  for  8 I in  Eqs.  (80)  and  (81 ),  we  have  only  a contribu- 

c 

from  m=2  for  which  sin2$Q  = 2sin$ocos$o.  We  note  from  Eq.  (!*.)  that 
f220  = £ ^f2XX  ” f2YY^  * Als0  P2^"x^  = 3(1  - x2 ).  Letting  y = 1 - x2  , we  obtain 


dvv  (f 


2XX_f2YY^?  j 


dy ( a + by  + cy2  )* 


where  p = r2/(r2  - r2  ) a3  before,  a=-p(v2-v2),  b = v2  (v2  - v*  )(l  + 2p) , 


P s P 
c ■ -/(i  ♦ p) , 


A ■ 4ac  - b2  = -v4  (v2  - v2  )2, 


'(/) ) “*  y' =1-(\) 

Since  c and  A are  less  than  zero,  we  use  the  formula 

fdy(a  + by  + cy2  )?  = 2<y*-—  (a+  by  + cy*  )^+  gin"1  f 1 b \ 

J ^ 8(-c)s/2  \(b2  - U&orJ 
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At  the  upper  and  lower  limits,  the  arguments  of  the  3 in'1  are, respectively, 
t 1 and  (a+ by  + cy2  ) = 0.  Thus 


This  yields  for  81  in  Eq.  (93)  the  following: 

(96) 

vo 

Adding  the  three  contributions  in  Eqs.  (88),  (92)  and  (96)  finally  gives 

F V 

0 

*(fOT-f2YT  >(1-(^))K’*^)]  (9?) 

Let  us  now  perform  the  integration  over  a or  0 from  0 to  2m.  Then 

from  Eq.  (32)  we  find  that 
2m 

ff27.Zi$  ‘ rtt2^i*‘**f2yyc°‘‘'t‘+t2zrZ‘'2xyS±"l’COS4'] 

° *“  ^f2xxC°s2^  + f2yysin2^  + 2f2xy3im#.cos</>] 

since  f„  = - (f _ + f _ ).  Similarly  one  can  verify  from  Eq3.  (27) 

2zz  2joc  2yy 

and  (30)  that  27r  2m  2m 

»4r  * /w9  - - 2 /4i"  ‘ -2  / 4za9  <98> 

o 0 0 

Substituting  Eq.  (98)  into  the  integral  of  Eq.  (97)  yields 

Kf)>>©')  ■»> 

* v 

o 

for  any  orientation.  In  terms  of  U = mv2 /2,  this  reads  as 


29 


2v 


ir*er  L 


Z2  ' rpL 


r w er  ii  - , 

j J2d0  = - -ST2-  J tu+  2Vp“  ^^f2xx(u)du  (100) 


It  is  remarkable  that  this  expression  is  independent  of  rg  and  could  have 
been  obtained  from  the  plane  probe  result  by  integrating  Eq.  (13)  with 
Eq.  (32)  over  6 for  <p=  0.  This  operation  yields  Eq.  (100)  with  ?2%x  8114 
generalizing  to  any  other  orientation  means  writing  f*^.  This  component 
thus  always  refers  to  that  along  the  cylindrical  axis.  Combining  Eqs.  (87) 
and  (100),  one  can  write  generally  for  a cylinder  oriented  along  the  i-axis 
the  following  expression  for  the  total  current  in  a retarding  potential: 

4®*  er_L  r 1 

I = -jr-6-  | to-  Tp]fo(0)  - J [0+  27p-  ko  (101 ) 

v J J 

p 

Thus, if  fQ(tj)  is  obtained  by  using  a spherical  probe  as  outlined  previously 
and  if  IQ  is  then  subtracted  from  (id),  the  remaining  current  (l2)  varia_ 
tion  versus  Vp  can  yield  the  components  by  using  the  inversion 

relation  in  Eq.  (43) • As  a further  illustration, if  the  cylinder  axis  is 
in  the  ij  plane  forming  a 45°  angle  with  respect  to  the  i and  j axis,  one 
gets  a ^ 

1 3 T2'  J fa-  Vfo(u)  + i [u+2vp-5Vtl3[^2kk(u)-f2ij(u)]1  dU 

“ V J (102) 

Hence,  in  principle,  with  appropriate  orientation  of  the  cylinder  axis,  we 
can  derive  any  component  of  the  £2  tensor, 
c.  Accelerating  Region 

Sinoe  the  sign  of  the  ZV^/m  term  is  ohanged,  we  redefine  our  quantity 
q^  in  Eq.  (72)  to  be 

q^=P[v*z+v*o]  with  P-rJ/(rJ-r^) 
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The  limits  on  v„  are  now  to  0.  Equation  (75)  reads  for  this  case 

Zt 


si  8I.»aV«- 


er_ 


ersL 


= / vZdvZ  U 2,rflooPl(cO80) 


oo  oo 

I dqqZ  f*ooP1(oos8)4.«0  + J dq  q J"  f*  P^coa©)  | sinm*o[ 1 +(-1 )“]  j 

(103) 


qi 


l,m>l 


where 


sin*  4 


(iot) 


We  proceed  with  the  integration  over  8 in  the  qZ  plane.  The  first 
term  in  Eq.  (103),  8*a*  can  evaluated  upon  considering  Figure  1*.,  namely, 

51  rV\  v o 

a = T,  j v’dvf.*  (v)  [ d8bir0cos8  P,  (oos8)  + £ [ v^dvf.  (v)/d8sirfcos8P.  (cos8) 
2weraL  J ^o  I 1 loo  I 1 


where 


ir -8 


VJ5\ 


m 


-•.■soo)'] 


(105) 


Let  x = -cosG.  Then 

■ l / /a’ci'oo('')  / 8,1  )lp 1(,) 

^ “”e»  0 ° (,«) 
Let  us  refer  now  to  Figure  7 for  the  integrations  in  81^  and  81^.  If 

v<  |VPvQ|  , there  is  no  contribution.  If  v>  |VPvQ| , then  the  limits  on  8 
are  n/2  to  v -9 Q,  where  8^  is  given  in  Bq.  (105).  Thus  substituting  Eq. 

(l 01*.)  for  *0  and  letting  x>-ooa8,  we  obtain  for  81^ 
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For  Si  we  write 
c 

SI 


0030 


—2-  = fdvr,y  f*mQ  I dxxpj(-x)  | sinm # [l  + (-1  )ml  (108) 

3 vpJ  ^ ' 


v 

o l,m>1 


with  given  by 


sin2$Q  = Pfv2*2  + v^l/lVO-x2)] 


(109) 


Consider  first  the  1=0  term.  Again  Si  = 0 since  m=0.  The  expres- 


sion for  Si  in  Eq.  (106)  yields 


Si  _ -2  - 


er  L 
s 


= IT 


2 Vfh 


^ J dv  v3  fo(v)  ^ + (^)  )+  J 
'vpv 


dv  v’f  (v) 
o 


(110) 


As  far  as  81^  is  concerned,  we  obtain, instead  of  Eq.  (81*.)  previously,  the 
expression 


vFv/v 


VFvo/v 


(111) 


Figure  7.  Spherical  Velocity  Space  in  the  Accelerating  Region  in  the 
Integrations  for  a Cylindrical  Probe 
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where  ptvV  + v2] 

y2  = ^ Oi2 

^O-x1) 

and  y=  1 when  x = oos9o  and  y = -/|5vo/v  when  x=  0.  We  now  use  Eq.  (85)  and 


obtain 


s in'1  (v  Vj5/v) 


OJ,  f r /'Air  ir  i 

— — = iiB  [ dvv3  f (v)  1 + ( — | - -*'7  v ^ . 

erL^J  ° \v)j{  MM ) 2p(l  + v^v*)  2(p  + 02)r 


. sin' 


•K££n 


So/S  J JJ 


Adding  Eqs.  (110)  and  (113)  gives  for  8 IQ  = IQ/2jr  = jQrpL  the  following  : 

I ^vo  j.”  /-  ,/J5v  v r / /▼  \2\  rrv2-py2-«rr 

WZFZ  = * / dyy3  fo(v)+  2 / dvv3fo(7)  f3lrr<(“^)+^  (j+('r)  KW 


Equation  (114)  reduces  to  proper  values  in  known  limits.  If  fQ(v) 
is  a Maxwellian  distribution,  Eq.  (114)  reduces  to  Langmuir's  result^’"’: 


I = 2xrer  Ln 
o p o 


-(PSrfil)'"” 


where  # is  the  error  funotion.  Also, when  r » r or  0 « 1 , we  can  appro- 

s p 

ximate  Eq.  (114)  by 

xo = ^erPL  / dv  ^o^  [t  + (1 + (t) ) 8in' 1 [(’ +(t)  ) ] ] 

o 

■ [(irrr)^  ] fo(D)®  (116) 


Equation  (l 1 6)  agrees  with  the  recent  expression  given  by  Polychronopulos  . 
Finally#  when  r * r or  0»  1,  we  can  reduce  Eq.  (114)  to 

8 p 
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(117) 


Av2  er  L »° 

I = 2n* er  L dvv3  f (v)  = r2-  dUUf  (u) 

o p I o m J o 

o o 

which  ia  identical  to  the  plane  probe  reault  in  Eq.  (ll)  integrated  over  a 
cylindrical  aurface  Zirr^L.  An  incoming  particle  effectively  sees  a planar 
element  of  surface  if  the  aheath  thiokneas  ia  small. 

We  now  proceed  to  the  1=2  reaulta  for  the  particle  acceleration 
regime.  Evaluating  Eq.  (l06)  or  I for  1=2  givea 

§ - f T*  ^ t&i-i  $ 

° (118) 

using  f2  = **2ZZ  an^  * 2 ^ = (^"l)/2»  The  expression  in  Eq.  (107)  for 

1^  can  be  evaluated  with  the  substitution  of  y*  in  Eq.  (112),  similarly  to 

the  method  leading  to  Eq.  (ill).  The  corresponding  relation  is 

^■/4TT,f2zzw[1t(r)]/ 

VPvo  VPv/v 

Using  Eqs.  (85)  and  (90),we  obtain 

w e™{,)  (-t2)*#  (’  * (V)'J 0- «0  * (t)  ) ^ 

vk 


£ 0 * ® )[■  ■ -i  0 ■ * @)  $ * ’S"*  [(^?) . 


+ 2 


Next  we  evaluate  8IQ  in  Eq.  (108).  Only  the  m>  2 term  contributes.  We  use 
Pj^-x)  ■ 3(1 -**)  and  f220  “ 5 (f7TT~  f2YT^*  We  are  led  to  a relation 
slailar  to  Eq.  (93),  naaeJy, 


% 


(121) 


= / dVT (f2Dr f2YY)p? / ^(a+by+  °y*>* 

V^v  sin2 9 

r o o 

where 

y = 1 - X2  , a = -P(v^  + v^)2  , b = v2  (v2  ♦ v^)(l  * 2P  )» 
c = -v*  (1  + P) , A = 4ao  - b2  = -v4  (v2  + v^)2 
2c  + b = V*[v^(l  + 2P)-'»2]  and  a+ b+ c = ^(v2 -pv^) 


Since  c and  A are  less  than  zero,  we  use  again  the  formula  in  Eq.  (94)  to 
yield 


(122) 


We  have  used  the  relationship  illustrated  in  Figure  8 that 


Figure  8.  Relationship  Between  the  Angles  £ and  x*  Note  that  sin(w/2-£ ) * 
2aln%  oosx  or  ff/2-€  » 2x 
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Combining  the  three  parts  in  Eqs.  (l  1 8) , (120),  and  (122), we  finally 


ob  tain 


,T  VpV 

5T_  r o * 

- = - f ivv3  f2zz 

s J 


+ / dvr5  f 


2zz  [\  3111-1  (“T2) 


r t- 

"P 


r.2  t.2  _ 


* i / d’<4x- 4r>  § (Vs)  £*-i  o (t)  ] 

V£v0 

* 6 ■ ^ “i""  [&Sb  ]]  (i24) 

The  above  applies  to  a cylindrical  strip  whose  exis  is  along  the 
X axis  and  whose  normal  is  in  the  Z-direetion.  Let  us  now  integrate 
over  all  such  strips  by  letting  6 vary  from  0 to  2ir.  We  obtain  the  result 
in  Eq.  (98),  which  after  substitution  here  yields 
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2 £ 

ewr  L ~ ” 4 


/ °**  * 4ot  * / *•*  [-  T 5ln"  ("T2) 
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5.  THE  SPHERICAL  GRID  SYSTEM 

A different  type  of  electrostatic  analyzer  is  the  spherical  grid 
system,  illustrated  in  Figure  9« 

Let  the  normal  to  the  hole  in  the  plate  be  along  the  Z-axis.  Then, 
after  integration  oyer  #,  we  obtain  for  a retarding  potential 


X 


Figure  9.  The  Spherical  Grid  System 
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00  0 

= 2 ire  J j*dv  v3  E floQP1(co30)(-1  )1sinl9cos0d0 


(128) 


where  Q&  is  the  acceptance  angle  and  vq»  (2Vp/m)?.  Integration  over  0 gives 


Vs2"*/  l O'1)1'! 


(129) 


where, using  Eq.  (l6),  we  have 


n * T5mT7  [ (j&)  ' * (^)Pn-2<°°*.>^'!“ie.»] 


In  particular  for  1 up  to  2,  we  obtain 


CO 

W ‘%rj  D[Vo(D>-  'SnM*  '2fm(B)l4D 


(130) 


K0  - i 8in*  ®a»  k,  =,J  0 - cos30a)  and  =£  sin20a(l  + 3o&/0a)  (131) 

Differentiation  yields 

isrf  - - IP  [v  v„<y  - viVy  * ya<yij  ('J2) 

For  this  kind  of  probe  then,  the  first  derivative  of  j with  respect  to 
gives  a linear  relation  for  the  different  components  of  f . The  current 
densities  obtained  for  different  orientations  of  the  probe  provide  a set  of 
linear  equations  from  which  (knowing  fQ)  one  may  determine  the  different 
components  of  f^  and  £2# 

For  an  accelerating  potential,  the  relation  equivalent  to  Eq.  (130) 
is 

09 

J*  * Jr  / 1,1  Vo<U>  - VlV°>  * '2f2ZZ(°)]d0  <’  3” 
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6.  SUMMARY 


We  summarize  here  the  results  in  this  section  for  various  probes 
including  anisotropic  terms,  up  to  terms  in  the  distribution  function. 
In  the  retarding  potential  region,  the  current  intercepted  by  a one-sided 
flat  disk  of  area  A is  (see  Eqs.  (ll)  to  (l 3) ) 

! - t*4  / m r ° r 1 - (•# f i 

V J / -J 

P 

.i|'u.2vp- 3^pa]4z(d)]  (UO 

Here  V is  the  retarding  potential  and  a star  on  f allows  for  a 6<f>  rota- 
P 

tion  of  the  disk  according  to  Eqs.  (31)  and  (32).  The  Z axis  is  the 
direction  of  the  normal  in  this  coordinate  system  attached  to  the  probe. 

In  the  accelerating  potential  region  (see  Eq.  (26)) 

OO 

1 ' ! au  (fo<D) -f  <z(U> *i  f2ZZ<°>J  “ ('35) 

o' 

A spherical  probe  with  surface  area  A collects  in  a retarding  poten- 
tial (see  Eq.  (58)) 


OO 

i = Jau(u-vp)fc 


(u) 


(136) 


and  in  an  accelerating  potential  (see  Eq.  (65)) 
r a PVp  «• 

I=^[^i  dUU  fo(U)  + / dU(U+  Vp)fo(U)] 
P o PV 


(137) 


where  r is  the  sheath  radius,  r is  the  probe  radius, and  p = r*/(r2  -r*). 

8 P P 8 p 

For  a thin  sheath,  r * r , p » 1 ,and  Eq.  (137)  reduoes  to 

8 P « 

I = (2weA/m*)  j dUUfQ(U)  (136) 
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A cylindrical  probe  has  contributions  from  fQ  and  f In  a retarding 

potential  (see  Eq.  ( 1 01 ) ) 

00 

I = ^A  f aD  |(u-Vp)fo(U)  -1  [0*  2Vp-  (139) 

VP 

where  X signifies  the  axis  of  the  cylinder  and  A is  its  surface  area.  In 
an  accelerating  potential  (see  Eqs.  (114)  and  (125)) 
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where  the  /t^'s  depend  on  the  hole  acceptance  angle  and  are  given  in 
Eq.  (131).  In  an  accelerating  potential  (see  Eq.  ( 1 33 ) ) 


I=iir  I du[Vo(u>- Viz(u)+ 


(143) 


By  using  several  probes  or  different  orientations  in  a retarding 
potential  case,  the  Iq,  T^.and  current  contributions  in  I = Iq  - 1^  + 
can  be  separated  from  each  other.  Then  from  I for  the  plane,  sphere 
or  cylinder,  one  can  obtain  f by  Eq.(4£>),  i.e., 


2 d2I  (V  ) 

f ( ev  ) — 2 2 E_ 

fo{'  p'  2nek  dVa 

P 


(144) 


$ 

Prom  I for  the  plane,  one  derives  f.  (see  Eq.  (41)): 

■p*  \ - m2  d f 1 41 1 ^Vp^  | 


f1Z^®Vp^  2ire  A 


Jl  r 

P dVp  L 


p Lv* 
* p 


(145) 


where  Z is  the  direction  perpendicular  to  the  plane.  From  1^  for  the 
plane  or  cylinder  one  obtains  (see  Eq.  (43)) 

cf*  . -sl_  _Jl  5*  + JL.  ! - l ^ 1 (146) 

Cf2ii  2nek[-^r  2T  dVp  4*J"  H ^ J J 

p Vp 

where  c = 1 for  a plane  and  c = -5  for  a cylinder.  Also,i  is  the  direction 
perpendicular  to  a.  plane  surface  or  the  axial  direction  for  the  case  of  a 
cylinder.  For  a spherical  grid  system  with  normal  in  the  Z-direction, 
the  first  derivative  gives  directly  a linear  combination  of  the  f's 


(see  Eq.  (132)),  namely, 


m2  dl 


“ofo<V -*  1f1Z(V  * ‘2f2ZZ(Vp)' - 55  dT 


(147) 


from  which  for  different  orientations  one  can  sort  out  the  various  parts. 


SECTION  III 


ADDITIONAL  CORRECTION  TERMS  DUE  TO  THE  EXTERNAL  ELECTRIC  FIELD 

1 . INTRODUCTION 

In  Section  II,  it  was  assumed  that  the  electric  field,  E,  in  the  plasma 
multiplied  by  the  sheath  dimension,  was  negligible  compared  to  the  probe 
potential,  V^.  In  certain  discharges,  E mav  be  of  the  order  of  kV/m, which 
means  that  for  sheath  thickness  of  the  order  of  •'mm,  EAs  becomes  comparable 
to  the  probe  potential.  Then  this  is  the  case,  the  previous  expressions  for 
the  current  collected  by  the  probe  should  be  corrected,  since  the  effective 
potential  between  the  sheath  boundary  and  the  probe  can  be  substantially 
different  than  and  the  correction  terms  can  provide  contributions  to  the 
current  comparable  to  those  due  to  higher  order  anisotropic  parts  of  the 
distribution  function.  Here  we  give  the  new  expressions  for  the  current 
intercepted  by  a probe  when  the  influence  of  the  external  electric  field 
around  the  probe  is  taken  into  account. 

In  doing  this,  we  assume,  however,  that  EX  i3  still  small  compared  to 

s 

so  that  we  can  ignore  angular  variations  of  the  sheath  thickness  due  to  E. 
This  approximation  allows  us  to  avoid  the  treatment  of  non- symmetrical 
sheaths  and  the  case  where  spherical  or  cylindrical  probes  have  accel- 
erating and  retarding  regions  on  opposite  sides  which  make  the  calcula- 
tions almost  impossible.  On  the  other  hand,  this  approximation  may  force  us 
to  omit  diagnostics  pertaining  to  the  lowest  energy  (u)  domain  of  the 
distribution  function,  namely ,U<  eEA  . Ho”-ever,  since  A also  decreases 

S 3 

’"ith  Vp,  then,if  Vp>>eEAafor  large  V^,  this  condition  is  usually  obeyed, 
although  possibly  to  a lesser  extent,  at  lo^er  V . 


U2 


In  the  first  subsection,  the  current  density  intercepted  by  a plane  probe 
with  the  normal  making  an  angle  6 with  respect  to  E is  expressed  in  terms 
of  the  spherical  harmonics  of  the  electron  distribution  function  f^,  f 
and  £ , including  the  above  correction  terms.  Only  the  retarding  case  is 

~C 

considered  since,  for  the  accelerating  case,  the  expressions  for  the  current 
are  the  same  as  when  E = 0.  Expressions  for  the  limiting  case  of  eEAg  « 
are  also  given. 

Following  the  plane  probe,  the  spherical  and  cylindrical  probes  are 
analyzed.  We  first  derive  the  general  case  fow  an  arbitrary  ratio  of  sheath 
to  probe  radius,  r /r  , and  express  the  results  in  the  limit  when  eEA  «V 

3 p 3 p 

for  both  the  retarding  and  accelerating  regions.  The  cylindrical  probe  is 
assumed  oriented  along  an  axis  perpendicular  to  the  electric  field  E.  When 
oriented  along  the  electric  field,  we  get  the  same  results  as  when  E Ag=  0. 

For  the  perpendicular  cylindrical  probe,  integration  over  6 cannot  be  per- 
formed analytically  for  arbitrary  rs/r^,  which  implies  in  this  case  a double 
numerical  integration  to  calculate  the  current. 

Next,  an  approximate  analysis  of  the  sheath  thickness  A is  presented. 

3 

This  evaluation  is  required  for  the  evaluation  of  EAg,  which  appears  in  the 

expressions  of  the  currents.  We  assume  that  the  electron  contribution  to 

A is  mainly  determined  by  the  isotropic  part  of  the  electron  velocity  dls- 

tribution  and  by  tne  probe  potential.  The  ion  drift  is  assumed  monoenergetic 

and  is  related  to  the  electron  thermal  energy  by  the  Bohm  sheath  criterion. 

These  approximations  are  justified  if  we  consider  EA  as  a correction  term; 

otherwise  the  analysis  becomes  extremely  complex.  The  effects  of  negative 

ions  on  A , on  the  Bohm  criterion, and  on  the  ion  saturation  current  are 
s'  ' 

also  presented. 
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Finally,  we  treat  the  inverse  problem  of  deriving  the  electron  energy 
distribution  from  the  current  with  the  additional  correction  terms.  Fe 
find  that  we  can  deduce  f , f ,and  f from  the  currents  intercepted  by  a 
plane  probe  oriented  along  five  independent  directions.  Results  are  given 
when  the  orientations  0=0,  w/4,  w/2,  37r/4,and  y are  chosen.  The  utiliza- 
tion of  different  probe  geometries  under  circumstances  when  EXg  is  non- 
negligible  (as  proposed  in  Section  II)  is  not  practical  because  we  can  hardly 
separate  the  different  orders  of  anisotropy  if  we  include  the  correction 
terms.  Thus,  to  determine  the  anisotropic  terms  of  the  electron  distribu- 
tion function,  a plane  probe  is  most  sensitive.  A design  of  a plane  probe 
is  given  in  Appendix  B. 

As  in  Section  II,  we  assume  here  again  a collisionless  sheath  in  a 
low  pressure  plasma.  Most  of  the  fall  in  the  potential  that  is  applied 
to  the  probe  is  assumed  to  occur  in  this  region,  and  the  electric  field  out- 
side of  this  region  is  associated  only  with  the  external  electric  field. 

This  is  valid  if  the  mean  free  path  is  much  greater  than  the  sheath  width 
and  greater  than  the  probe  radius.  At  higher  pressures,  there  exists  a 
quasi-collisional  sheath  outside  of  the  collisionless  sheath.  In  Sections 
IV  and  V,  the  combined  sheaths  will  be  discussed. 

2.  THE  PLANE  PROBE  WITH  CORRECTION  TERMS 


Let  the  external  electric  field  E be  oriented  along  the  z-axis  in  the 
anode  to  cathode  direction , and  let  0 be  the  angle  between  the  normal  to 
the  one-sided  plane  probe  measured  with  respect  to  the  z-axis.  Ihe  magni- 
tude of  the  effective  potential  between  the  sheath  boundary  and  the  probe 

♦ 


when  it  is  retarding  particles  can  be  written  as  V 


V where  V is  the 
a'  p 


magnitude  of  the  probe  potential  with  respect  to  the  potential  at  the 
3heath  edge  (when  the  probe  is  oriented  parallel  to  E with  6 = ± ir/2). 

* i i 

Letting  \ designate  the  sheath  thickness,  we  note  that  V = eEA,  cos£>" 
s 7 a 1 s' 

V cos  0 i3  tho  magnitude  of  the  potential  drop  of  the  external  electric 

( X 

field  across  the  3heath  and  e is  the  magnitude  of  the  electron  charge. 

(Remember  that  we  assume  V > V throughout  the  calculations  here.)  Pre- 

P a 

* 

sently,  we  will  include  the  effects  of  V which  were  neglected  in  our 
previous  analyses.  However,  we  neglect  the  small  potential  bump  AV  with 
respect  to  potential  at  the  sheath  boundary  which  appears  in  the  3heath 
at  the  point  where  E+E  =0  when  E .E  < 0(where  E is  the  electric  field 

^ ^ " vp 

* * 

due  to  the  probe).  For  V^>  Va,  AV«  Va  and  neglecting  it  does  not  affect 
the  results  too  much. 

For  the  accelerating  region,  the  current  density  intercepted  by  the 
probe  is  independent  of  the  effective  potential, so  that  we  get  the  same 
expression  as  for  E = 0.  That  is, 

oo 

V ■ Ko  /°  [f  o<D>  - f f iV°>  * i 4z<d>]  au 

0 

for  the  probe  oriented  along  the  (0,<£)-direotion  (see  Eq.  (26))  with 
Kq  = 2ne/m3  and  f1z(U)  and  f2ZZ^  siven  ^ E<13*  (30  and  (32). 

For  the  retarding  region,  we  obtain  the  following  for  the  current 
density  intercepted  by  a probe  oriented  along  the  (0 ,$)-direction: 


V = J0 0<t>~  J2ft£ 


(149) 


with 


3O00  ” Ko 


/’  t«-(Vv; 


)]fo(U)dU 


(150) 


VT. 


» 


(u)dU 


(151) 


V -V 
P a 


00 

V=iKo  / tD*2(V  -v')-3(V-vjVD]  f^WdU  (152) 

J * 

V -V 
P a 

which  are  the  same  equations  as  Eqs.  (11)  to  (13)  after  replacing  V by  the 

* P 

effective  potential  V - V . 

pa 

* 

Wien  Va « Vp,  we  obtain  after  neglecting  terms  of  order  higher  than 

(V )a  the  approximate  relations: 

& 

OO  OO 

Jo*  * *o  /' Vfo(0>iD*  vl  / fo(°)dn*  o<V  (’53) 
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1 , r fi*7(u)du  1 * * 
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J (v  u) 

V p 
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(154) 
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V;  K»  /[u*  *v  3^i4z(°>dD4viy  (V1- 


- i Ko<0‘  / 4Z<B>'r'4B*i  ('35) 


These  results  are  obtained  by  first  considering  separately  the  integrals 
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In  the  latter,  re  approximate 


♦ 

from  V to  * and  from  V - V to  V . 
p pap 

f(u)»f(Vp),  then  take  it  outside  of  the  integral  and  perform  the  remain- 
ing integration  over  U to  yield  the  above  indicated  terms.  The  approxima- 
tion on  f also  requires  the  assumption  that  higher  order  Taylor  expansion 
terms  are  negligible,  viz.,  | Va(3  In  f/0V^)|  «1.  All  terms  except  the  first 
in  Eqs.  (l 53)  to  (155)  are  the  corrections  due  to  external  electric  field 
E.  The  first  terms  for  j^and  in  Eqs.  (153)  and  (154)  have  already 

been  obtained  recently  by  Lukovnikov^,  using  a less  general  approach.  The 
third  term  of  Eq.  (l 53)  is  comparable  to  the  first  term  of  Eq.  ( 1 55)  when 
If^fgl"*  (Vp/V&)2,  so  that,  if  one  is  interested  in  including  the  f ^ con- 
tribution, the  effect  due  to  V should  be  included  as  well. 

a 

3.  THE  SPHERICAL  PROBE  ^TTH  CORRECTION  TERMS 

For  the  spherical  probe,  the  magnitude  of  the  effective  probe  potential 

* 

is  Vp  T Va  where  the  T sign  is  used,  depending , respectively , on  whether  the 

* 

probe  is  retarding  or  accelerating.  Here  V&  has  to  be  redefined  in  terms 
of  the  potential  variation  around  a conducting  sphere  in  an  external 
electric  field.  This  is  well  known  to  be 

V&  ■ eE(rs-r^/r*)cosfl"  V^osd  (156) 

where  rg  is  distance  fl*om  the  center,  in  particular  the  sheath  position, 

and  r is  the  probe  radius.  If  A is  the  sheath  thickness  and  r *r  + A «r, 
P a s p s p* 

then 

* 

Va  « 3Ag  eEcos  Vaoos  0 (157) 

where  we  redefine  V » eE(rg  -r3/ra)«  3 A eE  for  a sphere.  We  assume  that 
the  sheath  is  spherically  oonoentrlo  with  the  probe,  i.e.,Ag  is  not  a funotion 
of  e. 

kl 
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a.  Retarding  Region 

For  the  retarding  case,  the  total  current  intercepted  by  a sphere  is 

v 2n 


-JvW  1 


6=o  <f>=o 


Vp  3in  0 de 


where 


~ 6$  ^1 6<f>  + h 6<f>  ~ <SV  SI1  + Sl2^//rp  = Sl//rp 

is  the  current  density  on  the  element  area  located  at  (r  , 6 , <p) 

and  5 1 is  the  current  through  a spherical  element  at  (r  , 6 , <f>) . 

s 

It  has  been  shown  in  Eq.  (52)  that 


(158) 


(159) 


If  = ^ / vzdvZ 


-V  qi  2 

J vZdvZ  ] qdq  Yj  fl°oPl(cO30) 


(160) 


1=0 


where  9 is  the  angle  of  the  electron  velocity  v with  respect  to  the  normal 
to  the  spherical  element  at  (r  , 6,  <p ) and  where  v = vcos9,  q = vsin9, 

i ® " 

VQ  = (2Vp/m)2,  and  q1  given  in  Eq.  (50).  Summation  in  Eq.  (160)  has  been 
truncated  at  1 = 2 since  it  is  assumed  that  higher  order  terms  are  negligible , 
After  changing  variables  [v=  (v^+q2)^  and  9 = tan"1  q/vz]  and  integrating 
over  9 using  Eq.  (16)  and  Figure  3»  we  obtain 

2 ^ OO 

^ = /4TT,fioo{fe^tPl'Pl+2]*1^T  [Pl-2-pil]  <161) 

1=0  vo 

where  the  argument  of  the  Legendre  polynomials  is 

r2 


coa9  = 
o 


r ~ / v^-i^ 


(162) 


and  P^(-cos9q)  = (-1  )dP1(cos9o) . For  an  effective  potential  Vp-V*,  we 


note  that 


Vo  = [2(Vp-V^)/m]^ 


(i63) 


Letting  1 = 0,  1,and  2,  we  find  that  jO0^»  ^2 6<f>  can  be  writ'ten  from 

Eq.  (l6l)  as 


J(^=K0  / (0-Vv>o(D)aD 
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and 


Vn~  Vn\“l  * 


V -V 
P a 


(165) 


f2Zz(u)dU  066) 


where  U = Jnnv2  has  replaced  v and  where  Kq  = 2ire/m2 . From  Eqs.  O64)  to 
('166),  we  can  now  evaluate  the  integrals  in  Eq.  ( 1 58 ) • The  first  integral 
can  be  written  as 

TT  00 

M_fl.dA  = 27rr2K 

J 06<f>  p o 

6=o  V -V  cos  6 
P a 

00  IT  V d3  Vn+V&  ir_ 

= 2irr2KQ|~  j f + J J - J f J(U-Vp+ Vacos0)fo(O)dUsine  dfl 

62 

0 (167) 

The  double  integrals  can  be  reduced  to  a single  one  by  first  integrating 
over  6.  The  subdivision  of  the  areas  of  integration  is  illustrated  in 


V -V 

P a 


where 


cos  &2  = (Vp-U)Aft, 


• f 
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(u-  vp+  Vacosd)fo(U)sin0  dddU 
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Figure  10.  Integration  over  0 yields 
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^ = ^pK. 


,°°  ht8K  r-  f 

o/(u-Vp)fo(u)dU  + ^L/  (U'VP  + 
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(168) 


In  addition,  from  Bq.  (31),  integration  over  <t>  leaves  only  the  part  of 


f ,and  we  have 
1 z 
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j^dA  =^irr*Ko  | J [U^-(ai-b,cos0)^]flB(u)cos0sin0U'^dUd0 


0=0  V -V  cos  0 
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bl  = ^ Va  " ^ (rs  ‘ 03 
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(169) 

(170) 

(171) 


Figure  10.  Double  Integration  over  0 and  U for  a Spherical  Probe 
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(For  r k r , a<  b V and  bi  ~ V .)  Subdividing  the  areas  similar  to  that 

ps  p & 

shown  in  Figure  10  and  integrating  over  6 yield 
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Also»  from  Eq.  (32),  integration  over  <f>  leaves  only  the  f2i±  comPonentB  of 
f2ZZ*  We  assooia't®  £2  with  the  external  R .which  has  4>  synmetry  in  the 
uniform  region  of  the  plasma.  Also , since  is  traceless,  we  can  write 


f2xx  “ f2yy  ^ ^2ze 


(173) 


n o. 


and  obtain 

f32*t>iXs2irr pKo  / / (»*+b«  008  0+o«cosae)(cos*0  - £sin*0)sin0f2J!||(U)dUd0 

(170 


6=0  V -V  os0 

P » 


with 


,<0)-<*-Vp)[l-2;j  ('-£)] 


(175) 
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(176) 


k>(D>  =V.[l-2?f  (’  '£)_ 


. r2  V2 

c*(u)  = -^T 


(177) 


Integration  over  0 as  before  yields 


oo 

/ W*  * h ”T?0  I °‘f2a2<D>4U 


V +v 
Pf  a 


+ trr 


P f a 

pKQ  I [a2co3023in202  + \ "bz ( 1 - cos402  - £ sin4  02  ) 

* A f 


V -V 
P a 


+ c2(4  cos302  - \ cos302)]f2zz(u)dU 


, A.  ~2ir 
+ jp  vr  K 
15  P o 


V +V 
p a 


V -V 
P a 


c2f2z8(°)ao  - j cf2z2(n)dDj 


('78) 


where  02  is  given  by  Eq.  (l 67) • Summation  of  Eqs.  (168),  (l 72 ) and  (178) 

gives  the  current  I intercepted  by  the  spherical  probe.  These  expressions 

are  greatly  simplified  when  V&«  Vp.  In  this  case  it  is  simpler  to  expand 

directly  Eqs.  (164)  to  (166).  Neglecting  terms  of  order  higher  than  V2, 

& 


we  get 


OO 

. tar>IC0  j (U-Tp)f0(u)dU  ♦ | ^V^V,)  (1 79) 


/ f ~;v.  / ('  - * j* <l80> 
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r4  v* 

I " I * 7^  K [ -;ff0  (U)dU  + Q rzK  V2f.  (V  ) 

J 20<P  5 r3  0 J U 2zz  15  P 0 a 2zz  p' 

n 


(181) 


These  same  results  in  the  limit  of  rg  « rp  can  also  be  obtained  directly 

from  Eqs.  ( 1 53)  to  (l 53)  after  integration  over  a spherical  area.  Then 

r » r , V may  be  an  important  correction  to  V ,and  one  may  have  to  use 
spa  p 

the  more  nearly  exact  Eqa.  ( 1 68 ) , (l 72), and  (l 78)  instead  of  Eqs.(l79)  to(l8l), 
b.  Accelerating  Region 

In  the  accelerating  region,  we  write  again  Eqs.  ( 1 58)  and  (l59),but 
here  Eqs.  (62)  and  (64)  have  to  be  generalized  to  include  the  1 = 1 and 
1=2  terms.  Using  Eq#.  (l6),  (2l),and  (6l),  we  obtain 


r*  1 7Vo  * 

dvvJ  floo(v) 


^=^2e4  h A ..v 

rP  ^ rP  r 


2irer2  T + , 1 ^ 

r'  J dvr*  floo^  21+7  21+3  ^P1  ” Pl+2^  + 21^7  ^Pl-2-Pl')J  ^ 


V^v 


82) 


The  argument  of  the  Legendre  polynomial  is 


cosBo  = 1 (1  + vyv2) 

L s _ 


Also , 


vQ  = [2(Vp+V*)/m]^  and  f)  = r^/(r*-r*) 


(183) 


(184) 


(Note  that  cos0o  and  vq  are  the  same  as  in  Eqs.  (l 62 ) and  (l 63)  except  for 
a plus  sign.)  Par  1 = 0,  1,and  2,  we  obtain, respectively , 

r*  P/VVa} 


Joa*> 


= Ufo(0)dU  + K QJ  (U+Vp+V*)fo(U)dU  (185) 
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2r*s  "JW 

p o 


“*  r2  P<VTI> 

i la,  f p a * 


i>>*H  5 ko  |b[ i -[i  -{*  ('  * ^vsjf’}**(0)1° 


«vt.> 


(186) 


“»4z(u)au,Ko|  K’*^)H^(’*^)]f“z<D)a° 

p(v<>  5 <187) 

Integration  of  Eqs.  (185)  to  (18?)  over  the  area  yields 

pvp 

/W^^ofc/  Uf0(U)iU+r*/  (U  + Vp)f<)(u)duJ 


r*  V +V 


PV 


• ir  K V r 
o a p 


r P7p  U-p(v  -V  )-2  r 

ill  i-n^J  fo(“)a-/ 


p(v  +v  ) 

p a r-u-p(vp*vfth« 


pv 


P(vp-ya) 


■ f0(u)duj 


py 


(188) 


8irr2  00 

jjia^dA  = -^  Ko  [ / (^^5;  |^Cai  -b’  )^2+(a.«+-b,  /-  (ai+bi /*  ]^f1js(u)dU 


Py 


with 


Pyr 


6(V  -V  ) 
p a7 


p(V  +V  ) 
r-p  a7 


"/  (a<-b^f1a(u)d0]  <189> 


Py 


r*v  r* 


a,(U)  = (l  -5^  0 - pjr 


(190) 
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and 


(191) 


b,  = (r*/r2s)Va 

(Note  that  Eq.  (190)  for  a,  differs  from  Eq.  (l70).)  Finally, 

jw*  * h SKo  / °'f2»»(U)4D 

pvp 

P(Vp+Va) 

+ wr2!^  J jj^a2  - cos0jsin203  - ^>2  (l-cos403  5sin40a  ) 

fJ(Vp-Va)  P + oa (5  cos3  6,  - | cos’d, ) I f2zz(U)dU 


Pv  P(vp+va) 

*^I1KoL/  °'f2«(0)dU-i  (192) 

«vv  pvp 

"lth  *.(B)  - (0*Tp)[,-^(1  *t}!)1 

b,(»)  -Tm[l  -f^(l  ♦■#)]  <194> 

ci(u)  = - ^ 7^  if  (195^ 

8 

and  cosds  = (PV  -U)/^Vo  , 0<d3<ir  096) 

P a 


In  the  limit  of  V -pO.  these  results  reduce  to  those  in  Eqs.  (65)  to  (67). 
a ’ 

4.  THE  CYLINDRICAL  PROBE  TOTH  CORRECTION  TERMS 

For  a cylindrical  probe  oriented  along  the  z-axis , we  get  the  same 
results  as  for  B * 0 since  the  external  eleotric  field  does  not  modify  the 
potential  around  the  probe,  provided  that  the  radius  of  the  probe  is  small 
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compared  to  its  length*  If  the  cylinder  is  oriented  along  any  direction 

other  than  z,  the  external  electric  field  introduces  a 0-variation  in  the 

* 

effective  probe  potential  Vp  T V&  which  affects  the  current  intercepted  by 
the  probe  in  the  retarding  or  accelerating  regions.  We  will 
treat  here  only  the  case  where  the  cylinder  is  oriented  perpendicularly  to 
the  z-axis  (say  along  the  x-axis).  The  general  case  of  arbitrary  orienta- 
tion is  more  complicated  and  does  not  illustrate  any  new  phenomenon.  The 
magnitude  of  the  potential  variation  around  a conducting  cylinder  whose 
axis  is  perpendicular  to  an  external  electric  field  is 

* 

V = eE(l  -r2/r2  )r  cos  0 ■ V cos  0 (197) 

a P S S Qi  * 

or,  if  r =r  + \ » r , 

’ s p s p ’ 

* 

Vfl  * 2\g  eE  cos  0 (198) 

Here  r is  the  cylindrical  radius,  r is  radial  distance,  here  associated 

P 0 

with  the  sheath  position,  and  A is  the  sheath  thickness*  We  again  assume 

s 

that  the  sheath  is  cylindrically  concentric  with  the  probe.  Note  that  V* 

a 

differs  from  the  spherical  case  in  Eg.  (157)  and  from  the  plane  case, 
a.  Retarding  Region 

The  total  current  intercepted  by  the  probe  is 

2i t 2 2w 

e«o  i = o 0=0 

where  L is  the  length  of  the  probe  and  r is  ite  radius.  It  has  been  shown 

P 

in  Eqs.  (75),  (77),  (79),  (80)  that  the  current  density  can  be  written  as 

(‘0  J10$  a 7T  (aila  + fiIlb  + 8Ilo>  *rT  8I1  (20°) 

P p 
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where 


oo  i 

8lla  = 2lTeT3L  J dvv3  f*oo(v)  J dxx  (201 ) 


Here  0q  is  the  same  as  that  given  in  Eq.  (l 62 ) with  9' s being  the  angle  between 
the  electron  velocity  v and  the  normal  to  the  cylindrical  element  at  (r g,8) 


and  x = - c 030 . Alsoi 


SI, v = er  ' 
lb  s 


00 

L Jdvv3  floo(v)  J dxx  (-i)1P1(x)4*o  (202) 


COS01 


81.  = er  : 

lc  3 


00  CO30 

i1  fdvv*')  fimo(v)  [ iKzP^(_I)  f3irl  rr^0[1  + (-1)m]  (203) 

T0  **  cose, 


COdBi  = V ^V 

P = W - rp) 


p(v*x*  - v*Q) 
ain  *o  = • v*(i-x") 


(204) 

(205) 


(206) 


The  expressions  of  for  1*0  and  2 were  given  in  Bqa.(87)  and  (97).  For 

strong  external  electric  fields,  one  must  substitute  for  v the  value  of 

* i 

[2(V  - V )/m]^  in  these  equations  to  obtain 
P a 


WM  (u-vp.vjf0(u)d« 

; * 


(207) 


V -V 
P a 


V -V  v / r2 


= *•  / .°  0 ■ ■vX F - J 0 • ■vX1  * €0  f * 


V —V 
P a 


K,-^X1-%tf>)-f>)1]dD  <208) 


(f 


where  Kq  ■ 2Jre/m2.  Since  here  <f>=0,  we  note  from  Eq.  (30)  that  f2XX  = 
f2**’  f2ZZ  " f2yy^2e+f2zzCO32e-2f2yz3inflcos0,and  = f2yycoS20  ♦ 
f9zzsin2a  + 2f 2yz sin 6 cosd.  For  our  situation  with  f2xx = f2yy = “^  f2zz 


and  = 0.  we  have 

2 yz 


^2XX~  ^2YY^  ^ 3^n  ® an^  ^ 77V.  ~ 2(3003  6 - 1 )f. 


2zz 


2ZZ 


’ 2zz 


(209) 


For  1=1,  we  obtain  from  Eqs.  (200)  to  (203) 


2irr  Le  .. 

-SIi — f 


^>('-7)  f* , jr‘lB^?  v.  [y2*^ 
'•  0 v1^) 


v2-  1 
o 

. 7 V , 

3 P _J 


(210) 


where  y2  = p(v2cos*0-vp/(v  sin20).  After  integrating  by  parts  the  second 
integral  of  Eq.  (21 0)  and  regrouping,  we  get 

OO  OO 

,Wf*  W-krL®  (dvr*  f*z(v) 


2tT  Le  r 

"8I1  =_ T”  j( 

vo 


r (211) 

♦*7 


where 


y = pvyv2  = P(v  -va)A  (P>y) 


(212) 


Also  from  Byrd  and  Friedman 


8 


U y2+y\^2  dy  y f dt  T t+y  ~12  1 f dt  t(^y) 


(r+j).  Cy -£l  &(k  ) 

pVo  0 


[p(y+0] 


(213) 
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with 


t « /, 


(y*1)" 


and 


k = 


3-y  !‘ 


(214) 


and  where  G(kQ)  and  tlCa*,^  are  the  complete  elliptic  integrals  of  second 
and  third  kind, respectively . (*e  use  C(k)  here  instead  of  the  standard 

notation  E(k)  in  order  not  to  be  confused  rith  the  symbol  for  the  electric 
field,E.)  We  can  then  express  J1g.  as 


J1  ty 


= ~ — K j ull-||  &(k  ) + r n(a*,k  ) | 

3rP  °J.  I 'L  p*<*i>  ° [p(y+DF  0 °J 

V -V 
p a 


f1z<u)du 


(215) 


where  y in  Eq.  (212)  is  a function  of  0.  Integration  of  Eq.(l99)  over  8 

with  iQQ(f),  and  given  by  Eqs.  (207),  (21 5 )»  and  (208),  now 

be  performed.  This  must  be  done  numerically  for  i^Q^* 

For  r * r , however,  these  relations  reduce, respectively,  to  Eqs.  (150) 

s p 

to  (152).  Integration  over  8 can  be  performed  analytically  after  inverting 
the  order  of  integration  by  using  a figure  similar  to  Figure  10,  except  that 
now  6 varies  up  to  2ir.  Defining  8Z  as  in  Eq.  (167),  we  obtain 


o V +Vo 

2ir  P a f u-V  *-,£ 

/ W9  ’ 2’Ko  j (D-vp)f0(o)aD.  ato  J vai  <- j r0 

0 Tr  rr 


f (u)dU 


V -V 
P a 


V +v 


2K0  jp  (u-vp)e2f0(u)du-  2Ko  J a(u-vp)(ir-ea)f0(u)du  (216) 


v -v 

p a 
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Also, 
2v 


2tt  00  V + V ^ V /V  \2  -n 

/ w#  - - W (-V-1)  - '>^)-''.L34(€>J‘‘0t',}'«(0>4U 


'"here 


_ Jl. 

15  "o 


v +y 

K.  f [(2VB+U)(Vp+Va-U)(3Va-Vp+0)Ff1z(U)dU 


V -V 
P a 


V 1.  2 

Ts\f  (-&)  - ’)«*•  )-p(e'  'k'  >’<Kv)  ][o0“  >'5(E' ,lt'  ”] 


V -V 
P a 

V +V 


B(U) au 


* $ [ ‘(^)T % (£ - ’)F  (Ei  )-v*  t5*  ® }fe  >k’  >}  ■ 1 .(o)i" 


(217) 


/V  +T  -U\-  / V 

g,  = ■to'1  ( 2Va  ) ' kl  = (y^ 


2V.  Ni 


and  where  K(k, ) , P(g,  ,ki ) , &(ki ) and  G(gi ,k, ) are, respectively  .the  complete 
and  Incomplete  elliptic  integrals  of  first  and  second  kind.  Finally, 


2w  °° 

/ Wfl  = S Ko  / (tt3 


°’>f2«<D>dD 


V +V 

P a 


q J [aa(®i + | Bin2ea)+ 2bjsindi(l  + cos1®,) 
Vp-Va  + c*(-^  ainW2+  sin 20*  + £ 0*  )^2u^10 


V +V 

p a 


- ! *.  / <•■  * £ «>)W“)ao 


(218) 
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a3(u)  = U+  2Vp+  3V^U 
b3(u)  = 2Va(3Vp/U-l) 
C3(U)  = - 3l£/U 


(219) 

(220) 
(221) 


In  the  limit  V&«  Vp,  we  can  also  obtain  simplified  results  by  expand- 
ing Eqs.  (207),  (208),  and  (211).  Using  Eq.  (209),  we  obtain 

2ir  00 

/ Joe*4"  ■ / (“-Vp)fo(D)d0  ♦ f ^K0f0(Vp)  (222) 


/ W - I Ko  / [ - ' (3*  2 ^)]  f2»*<D>4D 

° TP 

* 5 V.WV 

0 

with  a3  and  c3  given  by  Eqs.  (219)  and  (221 ).  Also  , 

2?  2r  r°°  ? . /y2  + PV  /U  ^ 

/w*  ■ ^ “V.  / 4nfi,<”>  / (-v=7»-) 


(223) 


OO 

= 20'*  VaKo  j dUfl2(u)(l  + pVp/U)^G(k3) 


(224) 


where  G(ks)  is  the  complete  elliptic  integral  of  the  second  kind  and 

k3"  [(U-V  )/(pV  + U)]*.  If  in  addition  r « r or  0 » 1 , Eq.  (224)  reduces  to 
P P s P 


= *0Va  j (vp^}  f1z(U)dU 


(225) 
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Equations  (222),  (223)  and  (225)  also  follow  directly  in  these  limits  from 
Eqs.  (153)  to  (155)  after  integration  over  a cylindrical  surface, 
b.  Accelerating  Region 

In  the  accelerating  region,  the  1 order  current  density 
on  a cylindrical  element  is  from  Eqs.  (106)  to  (108)  given  by 

r 00  1 1 

Jlft*>  = 0 -T  [2ir  j dvv3  floo(v)  / <^*P1(-*)+  2ir  j dvr*  f*0Q(v)  JdxxP^-x) 


o o 

COS0 


| dvv3  floo(v)  j axxP1(-x)l#i 


00  cosy 

+ /dvv3V  fLo(v)  / dxxFl(_X)  m sinm*o[l+(-l)m]J  (226) 

./S_  m5l  o J 


with  0q,  p,and  vq  given  by  Eqs.  (l 83)  and  (l8A)  and  #q  now  given  by 

rP  (v’x’  + vlh* 


= 1-7U-?*)  J 


(227) 


Letting  1=0,  1,and  2,  we  obtain 


rP  °L 


V +v  ) 

• p a' 

Ufo(U)dU+ 


«»,*v 

• [ Trrrr  t*  j Jf„W“] 


(228) 


r r r * r 1 3 

(j  w"z(u)du-|  j auof*z(0)|d*(x«-y)^/(i«^)?'*(,.^)i]j 
P(Vp*V*)  Vy 
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Integrating  , one  obtains 


0<p ' 


p(v  +v  ) 

rv  p a' 


(229) 


where  here 


I 


y-P(vp+ v*)/b.  «i-(i-y)*, 

and  where  K(k),  G(k),and  n(a*,k)  are  the  complete  elliptic  integrals  of 
first,  second ,and  third  kind, respectively.  Finally, 


,r.  nvV 

V:r‘.  J w 

p o 


222(”)a"*7  'rh  l “I  *1"" 

p «vC> 


p(vO 

r*  . / V +v\*  • • 

* ;*?”(’  * -V)  *1”"  [u.y*V*[  } WW-W”®  <2W> 


When  the  cylinder  is  perpendioular  to  8,  integration  of  Bqs.  (228)  to 
(230)  over  0 has  to  be  performed.  Onoe  again  the  integration  of  must 


*z(u)dD 
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be  done  numerically.  For  r^ssr^  or  P >>  1 » these  relations  reduce  to  Bqs.  (23) 
to  (25) , which  are  independent  of  V&.  The  total  current  in  that  case  has 
been  given  in  Eq.  ( 1 A-1 ) • For  an  arbitrary  ratio  of  r /r  but  for  V -►  0, 

3 P & 

the  result  has  also  been  given  in  Eq.  (140),  and  when  r » r or  p « 1 , 

s p 

this  reduces  to  the  sum  of  the  contributions  in  Eq  . (l 1 6)  plus  Eq.  (126). 

3.  DEDUCTION  OF  THE  DISTRIBUTION  FUNCTION  TOTH  A PLANE  PROBE 

Due  to  the  complexity  of  the  equations  involved,  it  seems  that  the 
deduction  of  the  distribution  function  from  the  current  Intercepted  by  the 
probe  can  be  done  only  for  V&«  V . Even  then,  it  is  not  possible  to 
separate  explicitly  the  different  components  of  the  distribution  function 
by  using  different  probe  geometries  as  we  did  in  Section  II  for  E = 0. 

However,  we  have  from  the  expansion  in  spherical  harmonics  of  the  Boltzmann 
equation  up  to  the  second  order  for  time  independent  and  homogeneous  plasmas1 


~ VO 

mv  + 3 

(tt)  * <sV8t>.  = 0 

(231) 

**0  „ 

ssr  “ w,£< 

+ 5^  h (f  = 0 

(232) 

a re^S£i+£iS)  1 /*!•£«  \ n 

•a.[  ^ -3  0 

(233) 

where  v is  the  electron  velocity,  (SfQ/St)c  is  the  collision  term  for  fQ, 
th 

the  v^'s  are  the  1 order  collision  frequencies, and  Ja  is  the  unit  tensor. 
If  E is  oriented  along  the  z-axis,  Eq.  (233)  implies  that,if  (eB/mvv)*  « 1 
(or  the  electron  drift  to  thermal  velocity  is  small), then  £2  is  a diagonal 
tensor  with  f?  ^ = f^  = - £f2 zz’a8  ®iven  073)»  This  result  plus 

Eq.  (232)  also  means  that  f1x  = f^  = 0,  so  that  the  only  components  to  be 


determined  are  fQ,  f 1 z and  fg  . Also,  for  <f>  = 0,  we  have,  as  in  Eq.  (209), 

f” , - fl.  003  9-  f2„  * «5cosS  e",>f2!i,  “d  \ = V°*  «• 

Vhen  ^a<<^p»  one  can  obtain  the  three  components  of  f from  the  cur- 
rent intercepted  by  a plane  probe  oriented  along  three  directions  with  respect 

to  the  z-axis  if  we  omit  the  V A correction  and  along  five  directions  if 

a p 

we  include  terms  up  to  (Vft/V  )* . In  the  latter  case,  the  current  density 
on  a plane  probe  with  its  normal  oriented  at  an  angle  6 with 

respect  to  E can  be  written  from  Eqs.  (153)  to  (155)  as 

jg  = ^ BjCos3^ 


(234) 


1=0 


where 


Bo  - K-i  Jj 


(235) 


(236) 


B2=2  Wi 


V 


+ i V*B" 
2 a o 


\ - i Kv 


Here  we  use  new  definitions  for  jQ,  ,and  with 


(237) 


(238) 


(239) 


* It  is  Interesting  to  note  from  this  result  that  we  would  get  no  contri- 
bution from  £2  to  the  current  interoepted  by  a plane  probe  when  000*6  a 1/3 
or  for  the  angles  0 = ± 54»7°  and  ± 125.3  • 
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and 


j2  - i Ko  I (U+  2Vp"  ^/tJ)f2Z2(U)dU  (240) 


as  the  contributions  if  V&  were  zero  and  0=0.  A prime  denotes  differ- 
entiation with  respect  to  V^.  If  we  choose  the  five  orientations  of  the 
probe  to  be  0 = 0,  ir/l *,  rr/2,  3w/4,and  ir,  we  can  solve  Eq.  (234)  to  obtain 


Bo  ■ K/2 

(241) 

B1  = ^ ^ir/4"  J3ir/4^ " ^ J2jt  " ^ 

(242) 

B2  = 2^JwA+  ~ 5 Jv/2  “ ^ J2ir + Jir^ 

(243) 

B3  = ^2w"  V -^Jir/4”  J3»r/4' 

(244) 

and 

B4  = ^J2j r+  V ” 2^ir/4-+  J3tr/4~  Jw/2^ 

(245) 

Thus, the  B's  can  be  thought  of  as  experimentally  available  quantities 

in 

terms  of  which  we 

can  express  J , j ,and  J„.  Equations  (235)  to  (237) 
o 1 £ 

allow  us  to  write 

1.  ■ Vi  *2  ♦ 5 Vi  ♦ Z <W 

(246) 

ii  - - Bi  - v; 

(247) 

h - f B2  * f Vi 

(248) 

so  that  the  problem  now  reduces  to  the  inversion  of  the  Eqs.  (238)  to  (240) 

since  JQ,  ^ ,and  J2  can  be  experimentally  determined  separately  upon  knowing  the 

B's.  We  can  derive  f from  j in  the  manner  given  in  Eq.  (40): 
o o 

fo(V  ” ro  % (249) 
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We  can  deduce  f . from  j by  differentiation  aa  given  in  Eq.  (41 ) and  f0 

\z  1 2zz 

from  Eq.  (43): 


f„  (V  ) 

1z'  p' 


(250) 


Jo(V„)dV 

37T 


2's^jA  j 


(25') 


Thus  fQ,  f^  ,and  f2zz  can  deduced  from  jQ,  j^and  given  by  Eqs.  (246) 
to  (248)»where  the  B’s  are  obtained  from  the  current  density  on 
the  plane  probe  oriented  along  five  directions  as  given  by  Eqs.  (241 ) to 
(243).  Equations  (250)  and  (251 ) require  a knowledge  of  the  reference 
plasma  potential  with  respect  to  which  is  measured.  Plasma  potential 
can  be  obtained  from  the  change  (theoretically  a discontinuity)  in  the 
second  derivative  of  the  I-V  characteristic  with  the  plane  probe  oriented 

at  0 = v/2,for  which  V corrections  do  not  occur.  In  so  doing  we  assume 

a 

that  the  potential  of  the  probe  has  fallen  close  to  the  plasma  potential  at 

the  sheath  edge.  The  last  term  of  Eqs.  (246)  to  (248)  may  be  found  to  be 

highly  inaccurate  when  replaced  in  Eqs.  (249)  and  (251)  because  of  the 

fourth  order  derivative  involved.  When  V <<  V , these  two  terms  can  be 

a p 

omitted* so  that  Eqs.  (246)  to  (248)  can  be  written  in  terms  of  j's  as 

Jo  * 3 ^Jtr/4+  ^J2ff+  V+  3 Va^JffA"  ^J2ir“Jw^ 

(252) 

Jl  * H *2n~  V -^(4rA-  J>A)  > \K/2  (253) 
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J2  ~ 3 ^irA+  2Jw/2"  3 ^2ir  + V + 3 V^^rA’  ~ 2^2ir " Jir^ 

(254) 

In  the  limit  V^-*  0,  B^  = B^=0,so  that  and  become  linearly 

dependent  on  j2jj.,  ,and  (see  Eqs.  (244)  and  (245))*  Then 


Jo  = 3 Jir/2  + ,S  ^2v  + V 
**1  = 2 ^ir"  j2ir^ 

j2  = 3 ^j2ir+  V “ 3 Jw/2 


(255) 


(256) 


(257) 


Three  orientations  of  the  plane  probe  are  sufficient.  In  this  same  limit, 

the  expressions  for  the  current  intercepted  by  the  spherical  and  cylindrical 

probes  are  also  greatly  simplified.  By  using  several  probes  :r.  a retarding 

potential  region,  the  Iq,  Iyand  1^  current  contributions  can  be  separated 

from  each  other  by  combining  the  responses  from  several  probes.  For 

example,  only  jQ  contributes  to  the  current  of  a spherical  probe, and  one 

can  obtain  fQ(Vp)  directly  from  Eq.  (249).  The  contribution  can  be 

obtained  from  a plane  probe  by  using  Kq.  (256) , which, substituted  in  Bq.  (250), 

gives  f.  (V  ).  Knowing  j and  j . , one  can  then  obtain  j0  from  either  the 

plane  or  cylinder,  which  allows  us  to  determine  *'rom  Eq.  (251). 

All  these  results  are  also  derivable  with  the  hemispherical  grid  system. 

In  the  more  general  case, when  one  has  to  allow  for  V , the  problem  be- 

ft 

comes  the  evaluation  of  V , where  f (u)  has  to  be  known  to  determine 

• 8 O 

Aa»as  shown  in  the  next  subsection.  The  simplest  way  to  get  is  by  itera- 
tion ,upon  assuming  first  an  approximate  value  fQ1 (Vp)  for  fo(Vp) * 


(258) 
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as  given  by  Eqs.  (249)  and  (255)*  Introducing  f^V^)  allows  us  to  cal- 
culate a first  approximation  Ag1  for  Ag,  which  can  then  be  reiterated. 

6.  EVALUATION  OF  THE  SHEATH  THICKNESS  AND  EFFECT  OF  NEGATIVE  IONS 

For  the  calculation  of  the  current  from  the  electron  distribution 
function,  one  must  know  the  drop  of  potential  V of  the  external  electric 
field  across  the  sheath  in  the  retarding  region.  This  implies  an  evalua- 
tion of  the  sheath  thickness  Ag  for  negative  probe  potentials  in  a situa- 
tion where  electrons  still  provide  the  dominant  contribution  to  the  current. 
For  an  anisotropic  non-Maxwellian  plasma  and  a strong  external  electric 

field,  this  problem  is  extremely  difficult.  However,  if  we  consider  V 

& 

as  a correction  term,  an  approximate  expression  for  A may  be  acceptable. 

s 

One  of  the  assumptions  is  that  the  sheath  boundary  is  parallel  or  concen- 
tric with  the  probe. 

In  many  lasing  plasmas,  negative  ions  are  present  to  an  appreciable 
degree.  Their  presence  influences  the  sheath  criterion,  the  ion  directed 
velocity  at  the  sheath  edge, and  consequently  the  positive  ion  contribution 
to  the  current.  It  will  be  shown  below  that  the  ion  saturation  current  is 
sharply  reduced  if  the  negative  ion  concentration  is  high.  Also* in  the 
electron  saturation  region,  the  effect  of  negative  ions  is  to  lower  the 
electron  saturation  current,  since»due  to  charge  neutrality,  the  electron 
density  is  lower  in  the  presence  (as  compared  to  that  in  the  absence)  of 
negative  ions  for  the  same  positive  ion  density.  Thus,  negative  ions  are 
included  in  the  following  analysis. 

The  negative  ion  contribution,  J_,  to  the  total  ourrent  density  in 
the  electron  retardation  region  can  be  derived  from  Eq.  (150).  Allowing 
their  distribution  function  to  be  isotropic  and  Maxwellian,  we  obtain 
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for  a plane  probe  * 

, kT  v £ r /v  " v \~i 

= S nn  V (l^)  «»  IXfe r)]  (259) 

where  k la  Boltzmann's  constant,  nQ  is  the  negative  ion  density,  Zq  is  their 
charge  number,  mn  is  their  mass,  and  TLia  their  temperature.  (For  a spherical 
or  cylindrical  probe,  this  expression  can  be  readily  integrated  over  angle 
as  in  Eqs.  (158)  and  (160).)  Because  of  their  greater  mass  when  compared  to 
the  electrons,  the  negative  ions  contribute  very  little  to  the  total  current. 

Space  charge  and  sheath  effects  are  determined  from  Poisson's  equation, 


V2  (— ) = — [n  - £ Z n + £ Z n ] 
W eo  6 P P n nJ 


(260) 


where  V/e  is  the  potential  (V  in  Joules),  e is  the  magnitude  of  the  elec- 
tron charge,  eq  is  the  permittivity  of  free  space,  n^  is  the  positive  ion 
density, and  Z^  Is  the  charge  number.  The  external  electrio  field  across  the 
discharge  is  taken  to  be  constant, so  that  it  does  not  cause  any  space 
charge  effects.  Thus  V is  here  associated  only  with  the  potential  varia- 
tion caused  by  applying  a potential  to  a probe  Inserted  in  the  plasma. 

Consider  a plane  probe  accelerating  positive  ions  of  mass  m^  and  let 
Z be  the  direction  of  the  normal  to  the  probe.  The  positive  ion  density, 
n^,  within  the  collisionless  sheath  is  given  by 

"p(z)  * ///  fp(Ti>  V VdTz  dTi  4tt 

- HI  yv  v V<Vtz)4Wy  (261) 


where 


P 


70 


Henceforth,  V/e  = | V/e|  designates  the  magnitude  of  the  potential 
within  the  sheath.  Alsc^  f^  is  the  ion  velocity  distribution  function  and 

V /e  is  the  potential,  both  at  the  sheath  edge.  For  simplicity,  we  assume 
s 

that  the  ion  velocity  at  the  sheath  edge  is  much  greater  than  the  ion 

thermal  velocity.  (Hiis  assumption  is  valid  provided  the  negative  ion 

concentration  is  less  than  the  electron  concentration.)  Then  f can  be 

P 

considered  as  a delta  function,  as  far  as  the  v^  component  is  concerned,  viz., 

II  fp(vZ’  V TY)dvXdvY  = npsSCV(2Vi/mp)i]  (262) 

where  n^fl  is  the  positive  ion  density  and  is  the  ion  directed  energy, 
both  at  the  sheath  edge.  Combining  Eqs.  (261 ) and  (262)  yields 


For  the  electrons,  we  assume  for  simplicity  that  only  the  isotropic 
part  of  the  distribution  function  contributes  to  the  density  in  the  sheath. 
Since  electrons  are  decelerated,  we  have 

ne(Z)  = III  fo(YZ’  V VY)dVZdvXdVY  (264) 

where  v'  = [vi  - (2/m) (V- V )]?,  m is  the  electron  mass, and  f is  the  iso- 
Z Z 8 O 

tropic  part  of  the  electron  distribution  function  just  outside  of  the  sheath 

edge.  The  assumption  that  f is  isotropic  plus  the  assumption  that  is 

independent  of  6 imply  that  A is  independent  of  0.  That  is,  as  a first 

s 

approximation,  the  external  electric  field  is  considered  weak  enough  not 
to  make  the  sheath  thickness  dependent  un  angle. 

Below  we  restrict  ourselves  to  a plane  probe  and  later  give  the  results 
for  the  sphere  and  cylinder.  In  evaluating  the  integral  in  Eq.  (264-)  for  a 
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position  Z where  the  voltage  is  V,  one  notes  that ,when  V - V > ^mvi > V-V  , 

P 3 Zi  3 

the  electrons  turn  around  in  the  sheath  between  the  point  Z and  the  probe 

surf ace, and  we  have  to  count  them  twice.  When  imvi > V -V  . they  reach  the 

* Z p s'  J 

probe  and  we  count  them  once.  If  ^mvl < V-V  , we  do  not  count  them  since 

Li  S 

they  do  not  reach  the  point  Z in  the  sheath.  Thus  we  have 

oo  oo  (v^-V^)2  00 

n0(z)  = I dvx  I dvy  [2  | f(v*,vrvY)dv'  + J ^f(v' ,vx>vy)dv'] 


CO  OO  c 

= / dVX  J dVY  [2  / 

-OO  -00  VL- 


>fo(TZ»TX»VY)vZdVZ 


fo^VZ’VX,TY^VZdTZ 


(265) 


where  vy  = [2(V- V8)/ml5  and  vq  = [2(Vp  - vj/m]2.  We  use  the  fact  that 


V 00  00  00 

2 / + / = 2 / - / . 

TV  To  vV  Vo 


Let  q2  = vx+  v*,  dVjdvy  = q dq  d$  and  integrate  over  $ to  give 


„.(z)  - » I ,d,r2  f . r 


f v„dv„ 


(266) 


Let  us  change  to  polar  coordinates  with  tanfi  = q/v„  and  U=  m(vi+q*)/2.  We 

z z 

obtain 

00  0 0 

n (Z)  [2  [ f (u)UdU  [ dBsirecosS  _ f f (u)udu  f _ dSsirecose  H 

a m372  l 0 J [Ucos2e-(V-V)F  J 0 J [Ucos20-(V-V  )]*J 


V -V 
P s 


(267) 


•her*  co«*0y  * mv^/2U  and  cos20i  = mv^/2U.  Integrating  over  9 yields 
a,U)  - dU(U-V+V8)^fo  (D)  - J dU[(U-V+Va)^-  (Vp-V)^]fo(U)J 


V -V 
p a 


(268) 
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If  n = n at  the  sheath  position  where  V = V , one  can  normalize  and  write 
0 os  s 


“»(*)  ^V3 


J (u-V+Va)^fo(D)dD j [(U-V+V3)^- (Vp-V)^]fo(u)dU 
Y-Y  V -V 

a PS 

oo  oo 

I u*ro(u)du-i  j [u*-  (vp-vs)^]fo(u)du 


(269) 


V -V 
P s 


For  sufficiently  negative  potentials  when  Vp  is  much  greater  than  the  elec- 
tron thermal  energy,  Eq.  (269)  reduces  to 


n (Z)  r i i 

= J (u-V+Vs)*fo(u)dU  II  U~fQ(U)dU 


(270) 


The  negative  ions  are  also  decelerated, and  the  assumption  that  V is 
greater  than  their  thermal  energy  is  obeyed  even  for  very  small  V . Further- 
more their  distribution  function  is  Maiwellian.  An  equation  similar  to 
Eq.  (270)  then  applies,  which,  for  a Maxwellian  distribution,  reduces  to 


= exp 


[-  (3a 


(271) 


where  n is  the  negative  ion  density  at  the  sheath  edge, 
ns 

Let  us  assume  that  all  the  positive  ions  have  the  same  and  all  the 
negative  ions  have  the  same  T . Also  in  Eq.  (260)  we  can  define 


n = IZ  n and  n = ZZ  n 
+ p p - n n 


(272) 


Equation  (260)  can  be  integrated  once  to  give 

2 -—.a  V 

/j*a  /dv_\  r 


( dV\  /dV3\  2e2  f r ljTT 

(dz)-(-dZ-)  = T“  [n+-ne-n_]dV 

\ / \ / O J 


(273) 
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where  V is  now  the  magnitude  of  V.  Prom  Eqs.  (263),  (268), and  (271)  we 
obtain  Tr 


(n  dV  = 2n  f Pv.  (V,  + V-  V )~]  - V.l 
J + +a  ^ i'  i s7J  ij 


(274) 


/ ”.dT  - a-skT_  f1  - “P  [-  (37)]  ] 


(275) 


/ ned7  - T (ff  [ / 100  Af o(0)-/  dUfo(D)(0+T-Vs)^ 


v-v 


3/  00 


^(l)2  / dUfo(U)[(U-V+Vs)^-/2-(Vp-V)^+(Vp-V3)^] 

(276) 


V -V 
P 3 


For  large  V f this  reduces  to 


V OO  OO  00 

j n0dV  = j nQ3  £ jdUU^tJv)  - J dUfQ(u)(U+  V-  Vs)^j/  f dU  AQ(U)  (277) 


V-V 


9,10 


The  Bohm  criterion  ’ requires  that  (dV/dz)2  - (dV g/dz)2  be  greater 

than  or  equal  to  zero  at  the  sheath  edge.  Putting  this  equal  to  zero  is  the 

condition  used  to  determine  the  positive  ion  energy  V^  at  the  sheath  edge. 

Hie  same  condition  results  by  assuming  a positive  ion  sheath  with  n > n + n . 

+ 0 ™ 

If  we  now  expand  Eqs.  (263),  (270),  and  (271 ) or  Eqs.  (274)  to  (277)  near 

the  sheath  edge  where  V-Vg  is  small,  we  obtain 

V 

n/n+s  ~ 1 " (v"v3)/2vi  ^ J n+dV  « n^V-V^V-V^A^] 
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V 

n_/n_a  a 1 - (V-Vg)Ar_  and  J n_dVa  n_  g [ V-Vg- ( V-Vg ) 2 /2kT_] 

V 

s 

V 

»./".»  * * - <V-VA,,  •»*  / ”.47  * 3 


In  the  above. 


oo  oo 

V0l  - 2 jfo(U)0*aD^  |fo(u)u”2  du 


(278) 


defines  a new  average  energy  or  temperature  (V^/e  in  eV)  for  a non-Maxwe Il- 
ian electron  distribution,  which  differs  from  the  usual  definition 

OO  OO  ^ 

Ve  ■ 2 jf0(u)l^2du / 3 ff0(u)#dU  (279) 

oJ  o‘ 

(For  a Maxwellian  distribution,  Ve1  - Ve  =kT0> where  T0  is  the  electron 
temperature.)  The  Bohm  criterion  can  now  be  applied  to  the  above  equations  with 

n+s  = nes+n-s  t0  yield  “+A  * n-s^_  + “e8ABl  or 


Vi=  2 ^e.+  V.l“-/d?J 


el 


4-8 


(280) 


11 


This  result  is  identical  to  that  given  in  Swift  and  Schwar  and  in  Boyd 
1 2 

and  Thompson  , except  for  the  new  definition  for  given  in  Rq.  (278). 

In  terms  of  V^,  the  positive  ion  contribution  to  the  total  current 
density  is 

).  - !Vp,’(2V*p)i  ■ • <28’  > 

n,7.i/".»kT- v7.,/2-  wl“» ’•  7i'K-n../2”-," 
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but  the  lowest  value  of  allowable  before  the  delta  function  approxima- 
tion breaks  down  is  V^>  kT_A*.  At  first  sight,  the  variation  of  j+  with 

n /n  seems  to  be  useful  as  a diagnostic  to  determine  the  percentage 
—s  es 

negative  ion  concentration  in  the  plasma.  However,  if  Ve » V_,  Boyd  and 
Thompson  show  (for  a Maxwellian  electron  distribution)  that  after  the 
quantities  at  the  sheath  position  are  related  to  those  at  infinity,  the 
positive  ion  current  is  an  insensitive  function  of  negative  ion  concentra- 
tion except  at  about  n /n  « 2 where  an  abrupt  transition  occurs  in  V,  . 

A similar  conclusion  probably  applies  to  a non-Maxwellian  electron  distri- 
bution function. 

All  the  above  quantities,  such  as  density  and  electron  distribution 

function  f refer  to  the  sheath  position.  Our  previous  assumption,  that 
o 

the  ion  beam  is  monoenergetic  and  has  attained  an  energy  at  the  sheath 
position,  implies  that  the  sheath  potential  ^ &/e  is  equal  to  V^/e.  If  we 
adopt  V = V as  is  usually  done,  then  unfortunately  f and  the  densities 
at  thi3  sheath  position  differ  from  those  in  the  undisturbed  plasma,  and 
corrections  are  necessary.  Furthermore , at  this  position  close  to  the  probe, 
the  voltage  gradient  due  to  the  applied  probe  potential  may  not  be  small 
compared  to  the  external  electric  field,  as  we  would  like  it  to  be  in  order 
for  fi  and  f2  in  our  previous  subsections  to  be  related  only  to  the  external 
electric  field.  For  these  reasons,  we  do  not  proceed  further  with  the  usual 
analysis  wMch  provides  the  sheath  radius,  A , up  to  the  point  V = V = V.  by 

SO  Si 

integrating  again  Eq.  (273)  thus: 

V 


Aso  = | dV/(dV/dZ) 


(282) 


V 

s 
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Instead,  we  adopt  Eq.  (280)  for  and  let  it  crudely  apply  evon  at  a dis- 
tance further  away  from  the  probe  where  the  densities  and  distribution 
function  are  close  to  those  in  the  ambient  plasma.  If  we  were  still  to 
use  Eq.  (282),  we  would  now  choose  V less  than  V.  and  determined  by  the 
requirement  that  at  the  sheath  position  the  gradient  dV/dZ  be  much  less 
than  the  magnitude  of  the  external  electric  field.  However,  Eq.  (282) 
involves  several  numerical  integrations  and  is  cumbersome.  We  use  instead  a 
different  definition  for  X which  is  much  simpler  analytically  and  numer- 
ically.  We  define  the  sheath  width  in  terms  of  the  effective  capacitance 

of  the  sheath,  and  this  will  give  a somewhat  larger  X than  that  in  Eq.(282). 

s 

Following  Grard's1^  method,  we  define 


(283) 


where  C is  the  sheath  capacitance,  A the  area  of  the  probe, and  e the  per- 
s o 

mittivity  of  vacuum.  The  sheath  capacitance  is  defined  as  the  partial 

derivative  of  the  charge  Q carried  by  the  probe  with  respect  to  its 

P 

potential  V^,  Cg  = 9Q^/tJVp.  From  Gauss'  law,  one  can  show  that 

css-A£oW  (§i 


so  that  X becomes 

f--rf-(8)  <28^ 

s p V /p 

and  depends  only  on  the  potential  gradient  at  the  surfaoe  of  the  probe.  From 
Eqs.  (273)  and  (274) , the  relation  for  X becomes 

t -DS1)’  * ¥[(vti  -v  v)*  - ti]  - * “-)aTJi 

• Ti  [VT1  - ■ V * Vj*  ‘ - A [f;  fp  (n. * n-)4vj  ] (285> 
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where  from  Eq.  (276) 
V 


/ VV  - - (fJA  f ( / dD  t<D-Tp*  */'-  /2-(Tp-Vs)^]f 


(0) 


V -V 
P 3 


V -V 
P s 


-2  I dUU^2fo(u)j  (286) 


and 


F /2  00  1 1 
af  / VT  - (I)  2 ' / au[(D-vp+vs)i*  (vp- v^f^o)  (287) 


V -V 
P 3 


The  negative  ion  contributions  are  similarly  obtained  from  Eq.  (275).  Assum- 
ing dV  /d Z ss  0 and  letting  V be  measured  with  respect  to  V yield  finally 

8 p S 


4 ■ Mfr)  H <»> 

I ¥VV,!'  (a/4V  / 'ne«-)aT/”+.J 


with  the  Debye  length  given  by 


i 

2 


hm  (eoTol/ne»'^ 


(289) 


The  main  contribution  to  A in  Eq.  (288)  comes  from  the  ions  since  the 
ion  density  in  the  sheath  is  larger  than  the  electron  density.  In  the 
absence  of  negative  ions,  Eq.  (280)  gives  V'i  = V0l  /2,  and  in  the  region 


V » Vq1  Eq.  (286)  reduces  to 


/ VT  * (if  f / °nf0<°>aB  - 
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with  V defined  in  Eq.  (279) • Furthermore, Eq.  (287)  gives  zero.  Then  we 
6 

obtain  a relation  similar  to  that  of  Grard1 ^ (who  assumes  a Maxwellian  dis- 
tribution, so  that  V0  = V0l ) : 

= V2  Ajj[  (1  + 2VpAe1  - (1  + 2VpAe1 ) (1  + V0Ae1  )]*  (290) 


This  expression  is  plotted  in  Appendix  A.  However,  in  contrast  to  Eq.  (288), 

the  approximate  formula  in  Eq.  (290;  does  not  reduce  to  A - 0 at  V =0, 

s p 

For  a spherical  or  a plane  probe,  the  expression  for  n (r)  has  to  be 
rederived  with  r as  the  radial  distance  from  the  center  of  the  probe.  In 
the  electron  retardation  region  , an  analysis  similar  to  that  in  Eqs.  (261*.) 
to  (270)  yields  for  a spherical  probe 

n0(r)  = 2 v j^2  J dUfo(u)(U-V+v/-  J dUfQ(U)  j^U-V+V^ 

V-V  V -V 

s p s 

- [(u-v+vs)-^  (u-vp+  va)]*]  ] (291) 

For  a cylindrical  probe,  we  obtain 


neW 


= (^2z[v[  auf0(u)(u-v+va)*  - f duu^fo(u) 


V-V 


V -V 
P 3 


where 


£5  rr  /U- V + V -UrlS  -s 

V.Cjj] 

0 

•c-  I(0-V  ♦V,)/W* 


(292) 


These  expressions  have  to  be  further  integrated  for  use  in  Eq.  (285) • Per- 
forming this  operation  on  Eq.  (291 ) and  then  evaluating  the  result  at  V = Vp 
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and  r = r^,we  find  an  identical  expression  to  that  in  Eq.  (286).  Thus  for 
the  spherical  probe,  the  expression  for  X in  Eq.  (288)  is  the  same  as  for 
a plane.  The  calculation  for  the  cylindrical  probe  is  more  tedious,  but 
the  value  of  X , expressed  in  Eq.  (288),  is  found  again  to  be  identical  to 
that  for  the  plane.  This  can  be  shown  by  integrating  Eq.  (292)  first  over 
V,  then  letting  V=Vp  and  r = r^,  and  finally  integrating  over  x.  Thus, for 
any  of  these  three  geometries,  Eqs.  (286)  to  (288)  or  (290)  provide  a fair 
evaluation  of  \ in  the  retarding  region.  This  value  can  be  used  in  the 
previous  equations  for  the  calculation  of  the  current  from  the  distribution 
function  or  inversely. 

For  the  evaluation  of  the  sheath  thickness  when  the  probe  is  positively 

5 lk 

biased,  attracting  electrons,  we  can  use  the  well-known  Child-Langmuir  * law. 
For  a plane  probe,  we  have 


where  the  electron  distribution  function  is  assumed  Maxwellian  as  far  as 
the  V0/Vp  correction  term  is  concerned  and  where  the  positive  and  negative 
ion  densities  in  the  sheath  are  neglected.  Here  j is  the  electron  current 
density. 

For  spherical  and  cylindrical  probes,  Eq.  (293)  has  to  be  multiplied 

by  respective  correction  factors,  which  are  functions  of  r /r  , as  given 

s p 

by  Langmuir  and  Blodgett"** 15>l6.  since  these  factors  and  also  j in  Eq.  (293) 
depend  on  X , one  may  have  to  evaluate  X numerically  by  iteration. 

3 3 


7.  SUMMARY  OF  RELATIONS  IN  THE  ELECTRON  RETARDATING  REGION 

The  presence  of  a strong  electric  field  E in  the  plasma  modifies  the 
potential  around  the  probe.  If  eEA  =V  is  comparable  to,  but  still  smaller 
than, the  probe  potential  V^,  correction  terms  have  to  be  added  to  the 
expressions  for  the  current  intercepted  by  the  probe  in  the  retarding  region* 
For  a plane  probe  with  normal  along  the  (d-^)  direction  with  respect  to 

the  z-axis,  assuming  V « V , we  find  in  Eqs.  ("153)  to  (i 55 ) 

a P 


A , 

L ^ 


CO  00 

W - Kc  / (D-Vp)fo(0)ac*  k/J  f0(U)dB*i  K,(T2>’f0<V 


2 r r /Wn  * , , • r7T„\t . . , 

Ji«#.  ■ f M D L1  -(f)  J v.  / (f) 

p 

1 . 


- i *.<<>'  / 


+ (V  )2f . _(V  ) 

(V  u)i  2 0 a 12  P 
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00  **  3V 

w -ihj  vl  / (-f- ') 


- i *.  (<)*  / 4z(D)0"“  * ? Ko<\>'4z<V 


(297) 


where  V*  = eEA^cosd  ■ Vftcos  d,  Kq  a 2Jre/ffl*t  and  f*z(E),  f*zz(E)  are  given  by 
Eqs.  (30  and  (32).  For  E along  the  z-axls,  we  find  from  Boltzmann’s  equation 
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that 


f*z(U)  = fiz(U)C030  (298) 

and 

f2ZZ(U)  = ^2z2(U)(3cosafl-  1 > (299) 

so  that  for  8 = ± coa~*if5/3±v  the  plane  probe  sees  no  contribution  to  the 

current  from  £2  and,  for  8 = ±v/2,  no  contribution  from  f^  • 

For  the  spherical  probe,  in  the  approximation  V « V , we  obtain  from 

a p7 

Eqs.  (179)  to  (181)  in  the  retarding  case 


•L  H)1/ 


1=0 


with 


00 

/ W14  ■ /(”- Vfo(t,)dB  * 3 "pViVV 


00  r*  r2  V * 


= 3 "pVa  / ('  " ^ + ^ if)  fizWdU 


(300) 


(301) 


(302) 


_4  00 


/ W4 1 - ! * if  'o  / f f2»*  w®*  £ W'JV  (303) 


Here  Vft  = eE(rfl  - r^/r2),  rg  is  the  sheath  radius,  r is  the  probe  radius,  and 


X = r - r . 
s s p 


Under  the  same  approximations  for  a cylindrical  probe,  whose  axis  is 
perpendicular  to  the  electric  field,  we  obtain 


2n 

I = rpl)  (-1  f j, 

jEo  o 


Jlft*>de 


(302,.) 
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with  (see  Eqs.  (222)  to  (225)) 


2 7T  oo 

/w9  = <D- Vfo(B)aD  'f'.iWV 


(305) 


OO  n«*  1 

i r / p * \ir  r /v  ysr 

W9  = 2f>'V«y  ('*-/)  «(*•>', »(D)dD*’Va  j (f)  f„(0)«D 


(306) 


2TT  co  y2  p2 

/ J26*48  - f KoJ  [D*  - i f (3*  2 ^)]  ‘WD>d0+ff  W*f2.  «<V 

P (307) 

In  Eq.  (306),  ks  = [(U-  Vp)/(PV^+  U)]2  and  &(k3  ) is  the  complete  elliptic 
integral  of  the  second  kind.  The  approximation  on  the  right-hand  side  of 
Eq.  (306)  applies  when  r «r  or  (3»  1 where  {3  = rf/(r2  - r2  ) . Also  here 

S P » p s p 

we  equate  V&  = eEra(1  - r^/r2 ). 

The  current  intercepted  by  the  spherioal  grid  system  is  not  affected  by 
the  presence  of  E since  the  surrounding  conductor  prevents  the  external 
electric  field  from  penetrating  the  cavity.  The  results  are  then 
the  same  as  for  E = 0. 

An  estimate  of  the  sheath  thickness  A.  can  be  obtained  (in  the  absence 

s 

of  negative  ions)  if  we  assume  that  the  ion  drift  energy,  V^,  is  equal  to 
one  half  the  electron  mean  energy  > as  defined  in  Eq.  (278),  and  that 
the  main  contribution  by  the  electrons  comes  from  the  isotropic  part,  (in 
the  presence  of  negative  ions,  V.  is  redefined  in  Eq.  (280).)  Using  the 

1 a 

definition  for  A in  Eq.  (28lf)»  we  have  from  Eq.  (288) 

8 V 1 


■<?© 


i j/ivv V1*-27 1-/ %/>♦.>"]' 


[tVtvV1**  (d/dV  /Vp(v'\.>1T] 


(308) 
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with  the  integrals  given  in  Eqs.  (286)  and  (287)  in  terms  of  the  electron 


distribution  function.  Here  n+g  is  the  positive  ion  density  just  outside  the 

sheath,  (in  the  presence  of  negative  ions,  add  n to  n and  use  Eq.  (275).) 

In  order  to  recover  the  electron  distribution  function  from  the  current, 

it  seems  that  only  the  plane  probe  (when  V « V ) or  the  spherical  grid  sys- 

a p 

tern  are  sensitive  to  f . We  show  that,  upon  using  a plane  probe  and  retaining 
the  correction  terms  up  to  F , we  need  five  orientations  of  the  probe  to 
derive  f (u),  f„  (u).  and  f„  (u) . If  we  choose  these  five  directions  to  be 
9=2rr,  v/V,  w/2,  37r  A,  and  w,  we  have  from  Eqs.  (249)  to  (25l) 

f0(V  = if2  (309) 

p 


f1z(V  " 5re  ^ dV  (“£  dV  J1  (Vp)} 

P V 


f*“lV  ■ ■ £ € ft  A (rw  I 


(310) 


(311) 


Here,  Eqs.  (24l)  to  (2 48)  give 

Jo  = 3 ^JirA+  ^A^"^  ^2ir  + V+ 3 Va^  ^vA“  J>A^  ~ 2 ^2v“  v/t)' 

(312) 

J1  = 2 ^2ir”  5wA  “ 53*rA^  " Va  jw/2  ^ 31 3^ 

J2  = 3 ^JffA+  J3ffA^"2Jir/2"3^2ir+J»'^  3 Va^^JwA"J>A^”2^2flr-Jff^  + 3^Vajw/2^ 

(314) 

where  the  subscripts  of  the  j's  on  the  right  side  of  Eqs.  (312)  to  (314) 

refer  to  the  0 -orientation  of  the  normal  to  the  plane  probe  with  respect 

to  the  z-axis  (E  direction)  and  where  the  prime  stands  for  the  derivative 

with  respect  to  V . 

P 


SECTION  IV 


COMPUTER  CALCULATIONS  FOR  A PLANE  FROBE 

1.  INTRODUCTION 

As  part  of  the  present  work,  we  have  numerically  programmed  the  equa- 
tions presented  in  Sections  II  and  III  for  a one-sided  plane  probe, and  we 
provide  hers  the  results.  The  computer  programs  are  described  in  Appendix  C. 

Two  computer  programs  were  developed.  The  first  one,  called  program 
FTOJ,  calculates  the  total  current  intercepted  by  the  probe  for  various 
orientations,  for  a given  electron  velocity  distribution  function,  with 
components  up  to  second  order  tensor  terms.  The  second  one,  called  program 
JTOF,  performs  the  inverse  operation  of  deriving  the  three  components  (fQ, 

f . and  f _ ) of  the  electron  distribution  function  from  the  current  intercepted 

1z»  2zz 

by  a plane  probe  oriented  along  five  different  directions.  The  integrations 
and  differentiations  required  in  the  main  programs  are  performed  by  sub- 
routines SUl/fT  sind  DER,  which  are  also  described  in  Appendix  C.  In  the 
following,  we  discuss  the  results  o"  these  computations. 

2.  RESULTS  FROM  PROGRAM  FTOJ 

We  calculate  the  total  current  to  a plane  probe  for  five  orientations, 
namely,  when  the  normal  to  the  probe  makes  angles  0,  w/4,  w/2,  3w/4,and  ir 
radians  with  respect  to  the  anode-cathode  or  electric  field  direction,  E. 

The  parameters  consist  of  energy  interval  in  distribution  function  = 0.1  eV, 
ga3  pressure,  p = 0.14  torr,  ratio  of  electron  or  ion  density  to  neutral  gas 
density  = 10  4,  gas  temperature  = 300°K,  probe  area  = 1 am2,  end  the  gas  is 
Ng.  Several  electric  field  values  are  adopted,  namely,  2.1  V/cm,  4.5  V/cm, 
and  9 V/em,  which  correspond  to  E/p  = 15,  32.1, and  64«3  V/cm-torr,respect- 
ivelyf  or  E/fa=  4*7  x 10“14,  lO^^and  2x10“ 19  V-cm*  respectively.  (N  is 
the  neutral  particle  density.) 
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A solution  of  the  Boltzmann  equation  including  inelastic  collisional 

effects  yields  the  actual  values  of  f , f . .and  f„  , the  latter  two  in 

o'  1z>  2zz’ 

the  direction  of  E.  The  function  f is  normalized. so  that 

~ O 9 

oo 

I f0(u)Au  = 1 (315) 

o 

where  D is  the  electron  energy.  Results  for  the  above  mentioned  three 

electric  field  values  in  a Ng  plasma  were  supplied  by  ARL  for  use  in  the 

present  probe  analysis.  These  plots  for  f , f.  and  f„  are  illustrated 

later,  when  we  compare  them  to  the  rederived  results  from  program  JTOF, 

but  certain  features  are  noteworthy  to  mention  here.  First,  f deviates 

o 

appreciably  from  a Maxwellian  distribution,  a result  already  found  some 

17  18 

time  ago  by  Nighan  . At  ARL,  it  was  shown  in  addition  by  Bailey  and  Long 

that  the  anisotropic  parts,  f ^ z and  f gzz»  can  become  a noticeable  fraction 

of  f in  magnitude  in  certain  energy  regimes.  These  regimes  are  correlated 

to  electron  energies  that  excite  strongly  the  gas  molecules,  important  to 

know  for  lasing  media.  The  purpose  of  the  present  calculations  is  to 

Include  both  effects  of  a non- Maxwellian  and  anisotropic  distribution  in 

the  response  of  electrostatic  probes.  One-sided  plane  probes  are  most 

sensitive  to  measuring  the  degree  of  anisotropy f as  is  indicated  by  the 

theory  in  Sections  II  and  III. 

Using  the  supplied  fQ,  f^  and  fg  input  data,  one  oooputes  the  total 
currant  in  the  electron  retardation  region*  The  electron  current  contri- 
bution is  calculated  from  Eqs.  (lA9)  to  (i 52)  and  the  ion  contribution  from 
Eq.  (281). 

Figure  11  illustrates  results  for  E = 2.1  V/cm  with  n0/fa  = 10‘6(ne  = A.5x 
10*  cm"3)  and  T#  = C.78  eV.  We  note  that  the  curves  are  close  together 


86 


for  this  rather  low  E/p  value.  Figure  12  is  a plot  of  the  results  for 
E = 4*5  V/ cm  with  T = 1 .48  eV.  Here  the  curves  for  different  orientations 
have  separated  considerably.  Note  also  that  the  0=0  and  6 = v curves  have 
quite  different  shapes  between  floating  and  plasma  potential.  Figure  13 
shows  the  results  for  E = 9 V/cm  with  T = 3eV.  As  expected,  there  is  an 
appreciable  separation  of  the  curves, and  the  ion  contribution  becomes  sig- 
nificant only  at  larger  negative  voltage  values. 

3.  RESULTS  FROM  PROGRAM  JTOF 

Given  a collection  of  current-voltage  (i-V)  characteristics,  such  as 
those  shown  in  Figures  I*  to  13,  we  wish  to  rederive  the  components  of  the 
distribution  function.  The  I— V curves  are  obtained  experimentally,  and 
it  is  of  importance  to  know  whether  the  details  of  the  distribution  func- 
tion can  be  obtained  from  such  experimental  data.  The  theoretical  relations 
for  performing  the  inversions  are  given  above  in  Eqs.  (309)  to  (314).  These 
relations  have  been  programmed  (see  Appendix  C)f  and  the  computer  rederives 
fQ,  f1z,and  fg  using  the  I-V  characteristics  for  five  orientations  of  a 
plane  probe. 

As  is  apparent  from  Eqs.  (309)  to  (314),  this  program  requires  many 
differentiation  manipulations.  This  introduces  computer  noise  in  the  results, 
and  a smoothing  technique  is  advisable.  In  the  results  shown  in  this  sub- 
section and  in  the  program  given  in  Appendix  C,  the  standard  IBM  smoothing 
subroutine  called  SE35  is  applied  for  and  ?2zz  **or  every  differentiation 

within  subroutine  DER.  (This  subroutine  SB 35  uses  for  matching  a polynomial 
of  degree  3 relevant  to  5 successive  points.)  The  accuracy  of  the  input 
data  for  fQ,  f1z,and  t2zz  is  5 significant  figures  for  the  results  shown 
here. 
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The  computer  calculations  for  E = 2.1  V/cm  sure  illustrated  in  Figures 
14,  15,  and  16  for  fQ,  f1z>and  f2zz , respectively.  We  show  both  the  original 
functions  calculated  from  the  Boltzmann  equation  and  the  rederived  results, 
from  the  program  JT0F,from  the  I-V  characteri sties.  The  I-V  input  data 

in  Figure  11  are  used  from  -0*1  V to  -14.3  V in  0.1  V steps.  We  find  that 
fQ,  shown  in  Figure  14,  is  reproduced  nearly  exactly  (to  within  6^)  with 
some  deviation  noticeable  only  near  zero  energy.  The  function  -f1g  in 
Figure  15  is  reproduced  properly  around  its  maximum,  but  deviations  appear 
near  zero  energy  up  to  about  0.8  eV,suid  computer  noise  is  evident  at  high  i 

energies  above  3.8  eV.  Similar  remarks  apply  to  f2zz  in  Figure  16,  but 
the  deviations  are  more  evident  for  both  low  and  high  energies. 

The  results  for  E = 4.5  V/cm  are  shown  in  Figures  17,  ^8, and  19.  The 

< 

input  data  use  the  I-V  characteristics  in  Figure  12  from  -0.1  V to  -15  V 
in  0.1  V steps.  In  Figure  17,  the  rederived  and  original  functions,  fQ, 
show  no  noticeable  difference  throughout  the  energy  range.  The  function, 

-f  , in  Figure  18  deviates  only  at  low  energies  below  0.8  eV,  and  some 
computer  noise  appears  for  energies  above  10  eV.  Near  the  maximum,  only 
a slight  difference  ocoura.  On  the  other  hand,  stronger  deviations  appear 
for  f 0 in  Figure  19, especially  at  low  energies  below  1 eV,  and  appreciable 

computer  noise  becomes  apparent  at  3*8  eV. 

Finally,  in  Figures  20,  21,  and  22  we  show  the  results  for  E = 9 V/em.  1 

The  input  data  are  those  shown  in  Figure  13  with  voltage  varying  from  -0.1 
to  -15  V in  0.1  V steps.  For  this  case,  Vft  is  of  the  order  of  eB  Ag  near 
aero  energy.  (V  /eEA  < 0.1  only  for  energies  above  7 eV.)  This  is 
probably  the  cause  of  the  errors  in  the  deduced  values  of  tQ  and  f1g  at 
the  lower  energy  values.  Hie  rest  of  the  curves  above  4 ®V  follows  the 


91 


Figure  14.  Comparison  of  Original  fQ  with  that  Deduced  from  Program  JTOF 
when  E = 2.1  V/ cm 
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Figure  15»  Comparison  of  Original  f . with  that  Deduced  from  Program  JTQF 
when  E = 2.1  T/cm  z 
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Figure  17.  Agreement  of  Original  f with  that  Deduoed  from  Program  JTOF 
when  B = k»5  V/cm 
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Figure  18.  Comparison  of  Original  f . with  that  Deduced  from  Program  JT~? 
when  S = 4.5  V/cm  z 
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Figure  19.  Comparison  of  Original  f„  with  that  Deduced  from  Program  JTOF 
when  E = 4*5  V/cm  77 
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original  data  quite  reasonably,  as  is  seen  in  Figures  20  and  2i . Deduced 
values  are  not  shown  in  the  f2zz  plot  in  Figure  22 , since  they  were  com- 
pletely in  error.  This  is  due  to  the  very  low  values  of  fg  as  compared 
to  fQ  throughout  the  energy  range. 

Consider  again  Figures  14  to  The  deviations  near  zero  energy  in 

these  curves  are  associated  with  the  difficulties  in  differentiation  pro- 
cedures when  the  AU  interval  between  points  (here  0.1  eV)  is  comparable 
to  the  energy,  U.  For  better  precision,  it  is  suggested  that  the  interval 
should  be  taken  to  be  0.01  eV  up  to  1 eV.  For  use  in  the  program  FTOJ, 
input  values  of  f , f.  .and  f„  should  be  calculated  from  the  Boltzmann 
equation  with  such  a finer  grid. 

The  deviations  at  higher  energy  are  due  to  computer  noise.  Whenever 
the  derived  values  of  | f 1 z | and  |f2zJ  are  less  than  about  l/20  of  fQ, 
errors  in  computation  can  arise  in  calculating  and  (see  Eqs.  (313) 
and  (314)).  Large  values  of  the  total  current  have  to  be  subtracted  from 
each  other  for  several  probe  orientations  in  order  to  yield  the  amal 1 diff- 
erences, and  Jg.  This  gives  rise  to  error  in  addition  to  the  noise 
which  originates  from  subsequent  differentiations.  These  wiggles  in  the 
flz  an^  *2zz  curvea  could  probably  be  smoothened  further  by  additional 
manipulations  acting  only  in  this  high  energy  regime. 

Additional  problems  are  to  be  expected  in  the  mare  general  use  of  the 
program  JTOF  for  experimental  input  data.  These  are  now  discussed. 

The  computer  program  assumes  that  eBA.  is  less  than  V • Fortunately 

s p 

for  the  first  two  cases  illustrated  above,  it  is  indeed  so.  For  the  third 
case,  the  two  are  comparable  at  low  values.  Thus,  if  experimentally  the 
eleotrio  field  is  very  strong  (i/p  > 60  V/cm-torr),  large  errors  can  be 
expeoted  due  to  this  cause. 
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The  total  current  Includes  the  ion  current  contribution.  This  con- 


tribution dominates  at  large  negative  voltagesfand  the  electron  part 

calculated  from  the  total  current  will  be  subject  to  error.  Thus  the 

distribution  function  components  that  can  be  deduced  are  limited  at  the 

high  energy  end  (at  several  times  thermal  energy)  due  to  this  cause. 

Experimental  data  from  plane  probes  under  certain  circumstances 
19  20 

do  show  and  under  others  do  not  show  clearly  the  break  or  discontin- 
uity in  the  curves  which  is  expected  to  occur  at  the  plasma  potential 

point.  We  note  that  Eqs.  (310)  and  (31 l)  require  a knowledge  of  V with 

P 

respect  to  plasma  potential.  Thus  an  error  can  arise  if  the  exact  plasma 
potential  reference  point  has  not  been  properly  identified  in  the  V input 
tabulated  data. 


4.  SENSITIVITY  OP  RESULTS  PROM  PROGRAM  JTOP  TO  INPUT  DATA  ACCURACY 

Prior  to  the  above  calculations,  we  checked  the  sensitivity  of  the 
JTOP  program  to  the  accuracy  of  the  input  data.  We  inserted  I-V  charact- 
eristics with  significant  figures  decreasing  from  5 to  4 to  3 decimal 
places  and  checked  the  output  results* 

A different  smoothing  method  is  adopted  for  these  results.  The  IBM 
subroutine  SE13  is  used  to  smoothen  f.  and  f„  . In  contrast  to  SE35. 
subroutine  SE13  uses  a polynomial  of  degree  one  relevant  to  three  sucoesslve 
points.  Smoothing  is  done  both  in  the  differentiation  subroutine  DER  and 

at  the  end  of  the  deduction  of  f . and  f . This  method  was  abandoned 

Is  2ss 

for  the  results  shown  in  the  previous  subsection  since  it  rounds  off  too 
much  the  regions  around  the  maximum  and  it  also  decreases  the  height  of 
the  maximum,  as  is  evident  in  the  results  presented  below* 
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The  results  are  illustrated  in  Figures  23,  24,  and  25  for  B=  2.1  v/cm. 

These  calculations  show  that  the  accuracy  of  the  input  data  can  be  reduced 
from  5 to  3 significant  digits  with  no  appreciable  degradation  of  the  accur- 
acy  around  the  maximum  values,  although  the  noise  content  at  the  higher 
energy  values  increases  substantially. 

In  conclusion,  we  see  that  it  is  possible,  by  numerical  means,  to 

diagnose  the  anisotropy  of  a plasma  with  an  imposed  external  electric  field,  by 
using  the  experimental  results  measured  rith  a plane  probe.  Also,  there  is 
room  for  improvement  of  the  computer  programs  as  indicated  above. 


( 


V 
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Figure  23.  Comparison  of  Deduced  f with  Original  Function  for  Various 
Significant  Figures  in  the  Input  Data  to  JTOF 
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Figure  24.  Comparison  of  Deduoed  f . with  Original  Function  for  Various 
Significant  Figures  in  ifie  Input  Data  to  JTOF 
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SECTION  V 


QUASICOLLISIONAL  PROBE  ANALYSIS 

1 . INTRODUCTION 

The  sheath  surrounding  an  electrostatic  probe  becomes  quasicollisional 
when  the  mean  free  path,  1Q,  is  cocq)  arable  to  the  probe  radius,  r^.  In 
Appendix  B,  we  find  that  this  occurs  even  at  low  pressures  above  0.1  torr 
in  nitrogen  for  probe  sizes  of  the  order  of  1mm.  Plasmas  found  in  lasing 
media  often  fall  into  this  regime.  In  the  following,  we  discuss  the  quasi- 
collisional theory  for  the  situation  of  a probe  which  is  retarding  electrons. 

The  different  regimes  that  can  occur  are  illustrated  in  Pigure  26,  which 

2L 

is  a schematic  diagram  used  by  Wassertrom  et  al  . It  can  be  seen  from 

Appendix  B (see  Figure  31  there)  for  lower  probe  voltages  that,  as  the  pressure 

is  increased  from  below  0.1  torr  to  about  40  torr,  one  passes  from  (a)  region 

C with  1 > r > A through  (b)  region  A with  r > 1 > A and  then  to  (c)  region 
cps  pcs 

B or  r^>  Afl>  lc*  Pure  collisionless  theory,  as  given  in  previous  sections. 


Figure  26.  Mean  Free  Path,  1Q,  Versus  Sheath  Thickness,  A.  Illustrating 
Various  Regimes 
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strictly  applies  only  if  the  conditions  in  region  C are  veil  satisfied.  A 
quasicollisional  situation  applies  in  region  A as  well  as  in  the  transition 


from  C to  A.  Region  B is  the  continuum  limit^  where  Ag»  lo,and  a summary 
of  relevant  theories  based  on  diffusion  and  mobility  has  been  previously 


given  by  Johnston  . In  this  section,  we  consider  region  A,  r >1  > A , 

p c s 

and  in  the  next  section  we  consider  region  B.  r >A  > 1 . In  the  former 

P 8 C 


situation,  we  still  use  kinetic  theory, and  we  discuss  below  the  methods  due 
26  27 

to  Swift  and  Lukovnikov  and  Novgorodov  . In  the  second  situation,  the 


theory  we  discuss  is  based  on  a combination  of  free  fall  and  continuum 

20 

theories  using  the  moment  relations,  following  that  given  by  Waymouth  and 
29 

Wilkins  and  Katra  . For  both  situations,  we  provide  new  relations  extending 
the  works  of  the  above  authors. 


We  allow  an  arbitrary  dependence  for  the  zeroth  order  of  the  distribution 
function,  fQ,  but, in  order  to  make  the  analysis  less  formidable,  we  do  not 
include  the  first  and  second  orders  of  anisotropy  due  to  the  external  electric 
field.  Instead,  we  provide  new  relations  which  include  the  first  order  part 
of  the  distribution  function  arising  from  diffusion.  Theoretically,  one 
should  be  able  to  include  the  two  f ^ contributions , namely, f ^ ^ due  to  E along 
the  z-direction  and  f^  in  the  radial  direction  due  to  diffusion  and  space 
charge  fields,  V^.  However,  coupling  exists  within  the  quasicollisional 
sheath  between  the  four  quantities  f1z,  f1r,  E and  V^.  Obviously,  the 
ratios  of  f.  and  f to  their  sum  at  the  sheath  position  differ  from  those 
at  infinity  where  f1r  goes  to  zero  but  f1z  exists.  To  simplify  the  analysis, 
we  adopt  the  opposite  assumption  from  that  in  previous  sections, where  we 
associated  f . with  f . , and  we  associate  f . with  f . only  in  the  following 
work. 
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2.  APPROACHES  BASED  ON  ANALYSES  OP  SWIFT  AND  LUKOVNUCOV 

When  lc  < rp,  the  electron  diffusion  rate  is  not  high  enough  to  com- 
pensate for  the  drain  of  electrons  from  the  plasma  to  the  probe.  Thus  f 
at  infinity  differs  from  fQ  at  the  collisionless  sheath  edge.  Furthermore, 
the  drain  of  particles  causes  the  distribution  function  to  become  anisotropic. 

Assume  for  the  moment  that  the  distribution  function  at  the  sheath 
position  is  isotropic, so  that  only  the  f®  part  is  of  importance.  (This 
is  modified  in  the  next  subsection.)  At  the  sheath  position,  we  can  apply 
Eqs.  (136), and  (l  39)  (essentially  the  same  result  for  all  three 

respective  geometries  - plane,  sphere,  and  cylinder)  to  yield  the  incre- 
mental current,  dl,  to  the  probe  associated  with  the  energy  interval,  dU, 
namely, 

dl  = AKo(U-Vp)[f®(u)dU]  (316) 

where  A is  the  area  of  the  probe  and  Kq  = 2nre/m*  . This  equation  applies  only 

g 

within  the  collisionless  part  of  the  sheath.  We  are  free  to  choose  f at 
any  position  within  the  collisionless  region  provided  we  interpret  Vp  as 
measured  with  respect  to  V (the  potential  due  to  the  probe)  at  the  same 

3 

position.  We  choose  this  position  to  be  the  furthest  possible,  namely, at 
a distance  of  one  mean  free  path,  1q,  from  the  probe  surface. 

The  current  reaching  the  probe  is  controlled  by  diffusion  from  the  out- 
side medium  through  the  quasicollisional  part  of  the  sheath.  The  procedure 

Q 

is  to  calculate  in  this  region  tQ  and  relate  it  to  tQ  at  infinity,  which  ia 
then  substituted  into  Eq.  (31 6).  A basic  assumption  used  in  this  section 

is  that  the  diffusion  process  is  free  rather  than  ambipolar.  This 
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allows  us  to  omit  ion  and  space  charge  effects, but  this  applies  only  for 

very  large  ratios  of  electron  to  ion  temperature,  i.e.,  T /P  >>1,  For  any 

0 + 

point  r within  the  quasicollisional  sheath,  which  is  at  least  one  mean 
free  path  from  the  probe,  kinetic  theory1  gives 


f,  = - 1 9f  /dr 
Ir  c o' 


(317) 


where  f^  is  the  anisotropic  part  of  the  distribution  function  due  to  diffu- 
sion. The  mean  free  path  is  given  by 

10  = v/v1  = (2U/m)V»'i  (318) 

where  v ^ is  the  electron  collision  frequency  for  momentum  transfer,  U =mv?/2 
is  the  electron  kinetic  energy, and  v is  its  speed.  Hie  incremental  diffu- 


sion current  due  to  f . is 

ir 


at  8rrel  U 0[f  dU] 

f y3dv  0 . 0 

A 3 Ir  3?  9r 

r 


(319) 


where  e is  the  magnitude  of  the  electron  charge  and  Ar  is  the  sheath  area  at 
position  r through  which  the  charge  is  passing. 

We  now  have  to  specify  the  geometry,  and  we  consider,  consecutively,  the 

one-sided  plane,  sphere, and  cylinder.  The  spherical  case  has  been  analyzed 

26  27 

by  Swift  and  the  cylindrical  case  by  Lukovnikov  and  Novgorodov  '.  (Note 

that  Lukovnikov’ s f is  equal  to  our  f 2rr(2e/m)^*/n  and  Swift's  f is  equal 

O 0 6 0 

to  our  foAir(2eU)*/n?*») 

It  is  difficult  to  speoify  a normalizing  area  Ap  to  give  the  current 
sufficiently  far  away  from  the  one  sided  probe  of  radius  r^.  For  distances 
in  the  normal  direction,  Z,  less  than  r^,  a reasonable  approximation  is 
Ar  ■ tr(xf  + Z*).  Thus  Bq.  (319)  becomes 
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(320) 


8irel  U . 

C 0 


41  =^~9^  (f,0dUMrp+Z2) 


Since  dl  doesn't  change  with  Z,  we  can  integrate  over  Z from  the  start  of  the 

quasic olli sional  sheath, Z = lc,  where  f = f®,  to  Z = rp  ( if  1Q  < r?), 

where  f =f  its  value  within  the  ambient  plasma.  We  obtain  from  Eq.  (320) 
o 

f3dU  = f dU  - JF  ^ — r;  ( 1 - ^ tan-1  — ^ 
o o 32melcrpU  ( w r^ 


(321) 


We  can  now  substitute  this  into  Eq.  (316).  Note  that  A = irrp  and  Kq  = 27re/mz  . 
Solving  for  dl  and  integrating  from  Vp  to  «.  finally  yield 


I = AK 


(U-  V )f  dU 
n o 


1 + 


(322) 


-1 


Since  we  assumed  1 s r , this  relation  is  not  valid  if  1 > r but  nonetheless 
c p c p ’ 

the  correction  term  in  the  denominator  goes  to  zero  for  1 » r . The  tan 

c p 

term  is  usually  negligible  for  r » 1 . For  a probe  with  a guard  ring  having 

P c 

an  overall  radius  equal  to  R , one  has  to  change  the  ratio  1 /r  to  1 /R 

p cpcp 

in  the  denomenator  but  leave  A = wr2  the  same . 

P 

The  spherical  probe  is  simple  to  analyze.  Here, A^  = Airr*,  where  r is 
radial  distance  from  the  center  of  the  probe.  Thus  , 

ftrel  U a 

41  * -jr~  h <fo®> ‘*r* 


(323) 


Integration  from  r = r^  + lo  .where  fQ  = f3,to  infinity, where  fQ  is  its  value. 


P ° 


gives 


f>  - foau  - 1STO1 


.£tt 7 

0 p 0 


(32t) 


We  substitute  this  expression  into  Eq.(3l6)  and  note  that  A=^»rr^.  Integrating 
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(325) 


from  to  oo  yields 


I = AK 


(U-  V)fdU 

^ ° 


> , r*  V 

V 1 + 4 1 (r  + 1 ) ( 1 “ l?- 
p cv  p o'  \ 


P ■ O'  p 
This  is  the  result  given  by  Swift  . 

Consider  now  the  cylindrical  case.  Lukovnikov  and  Novgorodov2^  take 
the  normalizing  area  as  Ap  = 2mrL(l + 2r/L)f  where  r is  radial  distance  from 
the  cylindrical  axis  and  L is  the  length  of  the  cylinder  (L»  r).  The  factor 
(l + 2r/i)  allows  for  end  effect  corrections.  Consequently,  we  have 

8mel  U . 

a-srs~hlt 


(326) 


Integrating  from  r = r + 1 to  » and  equating  f to  the  value  of  f at  r + 1 

pc  o opc 

give 


f dU  = f dU  - - 
o o 1 


&rae  1 LU  1x1  ( 1 + 2(r  + 1 ))  (32?) 

c v ' p cv 


Lukovnikov  and  Novgorodov  omit  the  1q  part  in  the  In  term,  assuming  that 
10<  ^e  again  substitute  this  expression  into  Eq.  ( 31 6 ) with  A=2 nr  L 
and  obtain  the  result 


I 


OO 


(U-V  )f  dU 

OX- 


(328) 


This  result  differs  from  Lukovnikov  and  Novgorodov  by  a factor  (r  /r  )(l+2r  /L) 

p 3 3 

both  in  A and  in  the  second  term  in  the  denominator.  The  (l  + 2rg/L)  factor 
can  be  accounted  for  by  allowing  for  edge  effects, which  modifies  A to 
A = 2jrr  L(l  + 2rfl/l)) . In  any  case  this  correction  is  negligible  since  2r  « L. 
Their  r /r  factor,  however  seems  to  be  a mistake  and  stems  from  the  fact  that 

p s 

in  their  calculation  of  Eq.(3l6),  which  is  the  same  as  Eq.  (87)  in  Section  II, 
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they  have  omitted  the  I contribution  in  Eq.  (86)  and  have  used  only  the 

I contribution  to  I. which  gives  a r /r  factor  in  front.  We  also  wish 
a * p 3 

to  mention  that  taking  the  limit  to  cylindrical  geometry  from  an  ellip- 
i soidal  geometry  provides  the  slightly  different  expression,  = 2rrrL(''  + br/nh) . 

Redoing  the  above  analysis  yields  the  sane  expressions  as  above  but 
vith  the  factor  \ in  the  logarithm  replaced  by  nr/4.  This  is  a negligible 
correction,  but  it  is  adopted  below. 

Summarising,  we  can  write 


f3dU  = f dU  - d#/2UAK 
o o o 


(329) 


(U- V )f  dU 

»-+- 


i+Jfc 

2 


H) 


(330) 


where 

for  a plane 

for  a sphere 

and  for  a 
cylinder 


(331) 

(332) 

(333) 


we  note  that  for  the  sphere  and  cylinder,  ip  goes  to  zero  wh«r  1 » r , which 

c p 

is  the  collisionless  limit. 

We  can  also  investigate  the  task  of  deriving  fQ  from  the  current.  We 
assume  a constant  mean  free  path,  viz.,  1 independent  of  U.  Differentiating 


Eq.  (330)  twice  with  respect  to  yields 

d*  i/dV* 


(334) 


113 


where 


f (V  ) 
° P 


00 

/ 


ir^  (u)aa 


[-104)] 


(335) 


An  iteration  process  can  now  be  used  to  derive  the  correct  f from  d*l/dV*. 

o p 

It  is  normally  assumed  that  the  space  potential  is  obtained  from  either 
the  discontinuity  or  zero  value  of  dal/dV^.  Equation  (334^  however,  indicates 
that  caution  is  necessary  since  the  plasma  potential  can  be  incorrectly  ass- 
ociated with  the  point  Tip  = 1 . 


3.  ?TODIFIED  APPROACH 

The  above  theory  is  subject  to  two  basic  assumptions,  mentioned  in  the 
previous  subsection.  First,  the  space  charge  potential  and  ambipolar  diffu- 
sion effects  are  omitted  in  favor  of  free  electron  diffusion.  Secondly,  f® 
is  assumed  isotropic.  The  first  assumption  on  free  diffusion  is  valid  (see 
Section  VTfwhere  we  do  not  make  this  approximation)  only  if 

T A » 1 and  T A » I D A D (336) 

o'  + e'  + + e e + ' 

where  T+,  I+fand  D+  are  the  respective  ion  temperature,  probe  current  magni- 
tude, and  diffusion  coefficient  and  Tq,  I^and  Dfl  are  the  corresponding 
quantities  for  electrons.  Admittedly,  this  may  be  difficult  to  satisfy. 

ej 

The  second  condition, that  f be  isotropic, is  contradictory  to  the  basic  con- 
cept of  a diffusion  process  from  the  plasma  caused  by  f due  to  gradients 

in  f . This  anisotropic  part  exists  even  if  we  omit  f,  and  f„  due  to  an 
o Is  2sz 

external  electric  field.  Below  we  correct  the  previous  analysis  to  inolude 

the  f,  contribution. 

1r 

A radial  f®r  at  the  sheath  position  in  addition  to  f®  gives  rise  to 
contributions  to  the  current  increment  through  the  oollislcnless 
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sheath  edge.  Generally  we  can  write 


§-=  (U-yfodU-f  UH(U)fJr«U 

o 

Equation  (l 2 ) gives  for  a plane  probe 

H(U) 


(337) 


1 - (Vp/t J)^a 


(338) 


For  a sphere,  we  note  that  f^r  is  in  the  radial  direction,  independent  of  6 
and  <f>,  in  contrast  to  f1zf which  is  in  the  z-direotion  and  which  integrated  to 
zero  over  a spherical  area.  Thus, combining  the  respective  relations  in  Eqs. 
(l6lf)  and  (165)  with  V = 0 gives  for  a sphere 


H(U) 


r-  r r r-  r*  V 


(339) 


Similarly  for  a cylinder,  we  adopt  Eqs.  (207)  and  (215)  with  Va=0,  namely f 


where 


H(U)  * — f 1 --  ["  G(k  ) + — r n (a*  ,k  )~1  1 

V ’L  |W(f>.i)  0 05<y*l)*  ° °JJ 

< 


(340) 


r* 

P = * V = P "jf 

3 p 


k = 
o 


-fcy.., 

P (y+i  5 


and  a _ = 
» 0 


(y+i  y 


Also  G(kQ)  and  n(a^,kQ)  are  the  complete  elliptic  functions  of  the  second 
and  third  kind, respectively.  As  previously,  we  associate  r with  a distance 
one  mean  free  path  away  from  the  probe  surface,  r =r  + 1 ,and  also  V is  mea- 

8 p 0 p 

sured  with  respect  to  the  potential  at  r • 

8 

For  later  use,  the  following  limits  are  given.  When  1 « r or  r » r 

0 p 8 p 

or  p»1,tha  three  relations,  Eqs.  (338)  to  ( 340 )f  reduce  to  the  same  limit, 
namely, 


H(U)  * 1 - (yti) 


% 


(341) 


?15 


When  1 » r or  r » r or  0 « 1 , we  obtain  the  following  limits 

op  3 p 

from  the  three  equations: 


for  a plane 

h(u)  = 1 - (vp/tJ )/a 

(342) 

for  a sphere 

H(U)  = (3/2)0 -Vp/U) 

(34-3) 

for  a cylinder 

H(U)  = (2A)[(2-Vp/u)G(ko)-(Vp/u)K(ko)) 

(344) 

where  K(kQ)  is  the  complete  elliptic  function  of  the  first  kind  and  k « 

i 

(l-V p/tj)?.  Thus, in  both  limits,  H(u)  becomes  independent  of  r 

/v 

Q 

We  match  at  rg  the  value  of  f^r  to  its  value  obtained  from  quasicolli- 
sional  theory.  We  note  from  Eqs.  (317)  and  (319)  that 


f,  3dU  = -l  f (fSdU)  = - 
1r  c3r  o l«8reU  i,KoA3U 


(345) 

(346) 

(347) 

(348) 

where  A is  the  area  of  the  particular  probe.  Matching  the  two  f^”  and  using 
Eq.  (299)  for  f8dU  yield  after  substitution  into  Eq.  (337) 


where  for  a plane  A3  = ir(r*  + 1*  ) = A(l  + l*/rp) 

for  a sphere  A^  = 4Jr(rp  + lc)2  = A(l  + lc/rp)2 

. 2(r  +1  ) 

for  a oylinder  A3  = Zir^+l^LM  + ^ — -j  « A(l  + lQ/rp) 


■SL  = (o-v  ) ff  an  - -Si-1  , SJ<M 

HC0  10  V|  ° 2B«J  2^  Ko 

Collecting  terms  and  integrating  from  Vp  to  « yield  with  £ * A//?, 


(54-9) 


I = AK 


o 

/ 


, . 3° 

(350) 

« - ('  * VP'1 

(351) 

« = (1  - vpr2 

(352) 

where  for  a plane 
for  a sphere 
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for  a cylinder 


« = (1  * l0/rp)- 


(353) 


and  the  corresponding^  values  are  given  in  Eqs.  (331)  to  ( 333) • 

If  we  substitute  dl  from  Eq.  (349)  into  Eqs.  (329)  and  (345)  for  f® 
and  f_  respectively,  we  also  obtain  the  relationships  of  these  quantities  to 


f at  infinity.  These  are 


f SdU  = f dU  - —SSL  = f dU 
o o 2UAK  o 

o 


r 1 -§ 


(35V) 


C “ - - i « (’  -•$)  V°  ['*!(’  -f)  - I H<°>]  ’’  (355) 

The  above  analysis  contains  our  new  results,  extending  the  previous  relation 
in  Eq.  (330). 

If  10»  rp>  then  £ -♦  0 and  H(U)  reduces  to  Eqs.  (342)  to  (344).  Hence, 

this  term  and  the  tp  term  (see  Eqs.  (331 ) to  (333), which  also  go  to  zero)  do 

not  contribute  in  the  collisionless  limit.  If  1 « r , then  £ « 1 and 

c P 

H(u)  « 1 - (Vp/tl)  . The  physical  meaning  of  this  term  is  associated  with 

the  "blocking"  action  of  the  probe.  It  is  also  related  to  the  "K"  factor. 

1 1 

in  Swift  (p.  21 0).  when  the  mean  free  path  is  very  large,  the  outside 
plasma  does  not  "see"  the  probe.  When  it  is  smaller  than  the  radius,  the 
plasma  is  influenced  by  the  obstacle, and  the  distribution  function  has  to 
readjust  accordingly.  It  can  be  seen  that  the  £ and  ip  corrections  are  of 
comparable  magnitude  when  r^  ~ lfl  but  are  of  opposite  signs.  Both  should 
be  included  in  a proper  quasioollisional  probe  analysis.  It  is, however, true 
that, if  Tp  » 1q,  the  ip  correction  is  more  Important  than  the  4 correction  f 
whioh  may  explain  why  no  consideration  was  given  to  the  latter  by  Lukovnikov. 
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SECTION  VI 


ffYBRID  PROBE  ANALYSIS  IN  THE  CONTINUUM  REGIME 


1 . INTRODUCTION 

In  this  section,  we  provide  a generalized  formulation  for  the  operation 

of  a probe  in  a high  pressure  plasma  where  r^>Ag>  lc»  The  method  is  based 

20  29 

on  the  hybrid  theory  as  formulated  by  Waymouth  and  Wilkins  and  Katra^  . 

Consequently,  we  vdll  not  cover  all  the  other  methods  for  the  continuum  re- 

25 

gime,  which  were  reviewed  by  Johnston  . 

Hybrid  theory  essentially  combines  the  results  from  the  thin  collision- 
less part  of  the  sheath  adjacent  to  the  probe  to  the  results  from  the  ambipolar 
layer  valid  in  most  of  the  3heath  as  calculated  in  the  continuum  limit.  The 
electrostatic  3pace  charge  potential  i3  included  in  the  latter  layer  here, 
in  contrast  to  Section  V,  A proper  hybrid  theory  deduces  a Boltzmann  line 

if  f is  a Maxwellian  distribution  and  also  resolves  a problem  pointed  out 
30  29 

by  Blue  and  Ingold  and  by  Wilkins  and  Katra  . In  many  continuum  theories, 
one  has  the  erroneous  boundary  condition  that  the  density  at  the  probe  is 
zero^and  this  leads  formally  to  an  infinite  drift  velocity.  The  hybrid 
theory  given  here  does  not  have  this  problem. 

Nearly  all  theories  assume  a Maxwellian  distribution  for  fQ,and  averaged 
quantities  ore  based  on  this  distribution.  Here  we  do  not  restrict  the  form 
of  fQ.  Furthermore, we  match  proper  relations  for  the  flow  (f  effects)  at 
the  collisionless  edge  by  using  our  results  in  Seotion  II.  Other  authors,  who 
did  not  have  these  results  in  Section  TT,  either  omitted  these  effects  (as 
Waymouth  did)  or  adopted  an  ad  hoc  form  (as  Wilkins  and  Katra  did)  for  these 
relations.  For  these  reasons,  our  results  differ  from  others.  In  the 

following  we  point  out  how  our  generalized  results  relate  to  these  previous 

« 

analyses. 
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2.  GENERALIZED  MOMENT  APPROACH 


As  in  Section  V,  we  are  concerned  here  with  two  components  of  the 
s s 

distribution  function,  fQ  and  f,r»  both  at  the  boundary  between  the  free 
fall  (or  collisionless)  part  of  the  sheath  and  the  colli3ional  part.  Below, 
we  use  the  word  "boundary”  to  designate  this  position  at  rg.  The  form  of 
fQ  in  the  plasma  is  allowed  to  do  arbitrary.  The  directed  part  f1r  is 
associated  with  radial  flow  due  to  gradients  and  space  charge  fields  in 
the  plasma.  Let  V be  the  potential  caused  by  the  probe  at  the  r boundary, 
so  that  V is  the  difference  between  the  potential  at  the  boundary  and  the 
plasma  potential,  the  latter  taken  as  zero.  The  probe  potential  is 
measured  with  respect  to  plasma  potential.  We  investigate  below  both  the 
acceleration  and  retardation  regions. 

The  method  uses  moment  relations  based  on  averages  of  the  distribution 
function.  We  define  the  following  averages,  for  either  electrons  or  ions, 

where  n is  the  density  at  the  boundary: 

8 


ng  ■ j f^(v)v*dv 

J 

(356) 

0 

v-  (2tfr/ng)  f f*(v)v*dv 

(357) 

0 

D«  (Aw/3ng)  f f^(v)(vVvi  )dv 

J 

(358) 

0 

» * J f>>  h (£) av 

0 

(359) 

Here  D is  the  diffusion  coefficient  of  a species,  n 

is  its  mobility,  is 
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its  collision  frequency  for  momentum  transfer,  v is  its  speed,  and  v is 
its  averaged  speed.  We  also  define 


V <a 
O 


[2(V  -V  )/m]* 
P 3 


(360) 


In  the  continuum  regime,  we  note  that  r > A > 1 . Hence, the  collision- 
less  part  of  the  sheath  (of  order  1q)  is  very  close  to  the  probe, and  one 
can  use  the  thin  plane  sheath  approximation  (rg = r^ + lc«  r ) . In  the  case 
of  particle  retardation,  we  have  from  Eqs.  (7)  and  (8)  the  following  result 
for  the  current  density  to  the  probe, 

OO 

J * J ■ J0"  ^ I [v(v*-  v*)f®(U)  - | (v3  - v^)f®r(v)]dv  (361) 

v 

o 

and, in  the  acceleration  case,  we  have  from  Eqs.  (23)  and  (24) 

OO 

J = 0o-  J1  = ffe  J v>[f°(v)-.§  f°r(v)]dv  (362) 

0 


Since  r » r and  As  A .these  relations  also  give  the  current  densities  at 
s d r " 


the  boundary,  rg. 

Collisional  theory  provides  the  form  of  f^  inside  the  collisional  part 
of  the  sheath.  We  include  the  space  charge  potential, p,  associated  with 
charge  imbalance  and  ambipolar  effects.  Now  is  related  to  gradients  in 
f and  in  and  in  particular  at  the  boundary  it  is  given  by 


' 1r 


v 

Vi 


0f  df% 

2.  + J_  3j? 

3r  mv  3r  dv 


(363) 


where  the  upper  sign  refers  to  electrons  and  the  lower  sign  to  positive  ions. 
Substituting  this  into  Eq.  (361)  gives  for  a retardation  case 

v(v3-v3) 


4 2»re 
= ‘ 3 


umi  (Hi  tj.ut 

I Vi  \ 3r  mv  3r  dv  J 


(364) 


For  an  acceleration  case  we  have  the  same  result  with  v_  = 0. 

o 
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For  later  use,  we  define  the  following  ratios  for  a retardation  case, 


making  use  of  Eqs.  (357)  to  (359): 


(365) 


For  an  acceleration  case,  these  ratios  are  redefined  as 

W0=Wi  = W2  = 1 (368) 

We  postulate  now  the  basic  assumption  in  this  section^  that  f°/ng  = f /nQ, 

its  value  within  the  plasma,  so  that  fQ/n  does  not  vary  with  position  within 

the  collisional  part  of  the  sheath.  This  is  obviously  only  an  approximation 

since  the  form  of  f is  generally  a complicated  function  of  position  and 
o 

velocity  within  the  sheath.  Hie  assumption  supposes  that  all  the  spatial 
variation  can  be  described  in  terms  of  the  velocity  averaged  quantity  ng. 
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Referring  now  to  Eqs.  (357)  to  (359)  and  (365)  to  (367),  we  see  that 

according  to  this  assumption  the  quantities  v,  D,  n , Wq,  W^and  W^  do  not 

vary  with  position  since  all  integrals  are  normalized  with  respect  to  n . 

With  the  new  definitions  in  Eqs.  (365)  to  (368),  we  can  rewrite  Eqs. 

(361)  to  (364),  the  relations  for  the  current  densities  j and  i at  the 

o 1 

boundary,  in  the  following  forms: 

JQ  = V e\A  (3 6 9) 

and 

J-.  = - f l^"l  t n3  If  (370) 

The  latter  term  i3  obtained  by  integration  by  parts  in  Eq.  (364).  Recall 
also  that  the  upper  sign  applies  to  electrons  and  the  lower  sign  to 
positive  ions. 

We  require  another  set  of  relations  giving  the  variation  of  n and  ft 
with  r in  the  collisional  part  of  the  sheath.  From  the  momentum  or  flux 
conservation  equation,  we  have,  in  particular  at  the  boundary,  the  relation 

h 1 "n.  If * i (37') 

where  j,  as  before,  is  the  current  density.  Substituting  dft>/dr  from  Eqs. 
(371)  into  (370)  gives  for  J » j - J.  the  expression 

j = 7 n ve  W + | (W  -Wj  (Dn  ) + (372) 

4 s 0 2 ' 1 2 3r  s'  z 2 ' ' 


Consider  now  the  ambipolar  effects  obtained  by  combining  the  following 
electron  (subscript  e)  and  positive  ion  (subscript  +)  momentum  relations 
"ithin  the  collisional  part  of  the  sheath, 


_ 9ne  Je 

Ur  ^&ne  9r  = T 


(373) 


9n+  d<£ 

D+  a7  + /J+n+  S?  = T 


Wo  adopt  the  quasi-neutral  approximation,  namely,  n^  ss  n+  = n.  Solving  for 


n gives 


where 


a_3n  V + +_Ve  J+VT3eP+ 

9r  " V++D/e  ' D+V1+T) 


t - <i+DA1,t 


(375) 


(376) 


For  a Maxwellian  distribution  t = e T /eT  , so  that  an  order  of  magnitude 

4 8 + 

value  of  t is  T /T  . Note  that  j and  J depend  on  the  position  r, 

0 4-  0 P 

The  integration  of  Eq.  (375)  for  various  geometries  is  given  by  Su  and 

Ki«l  ^ and  is  summarized  in  Johnston2"*.  ( Note  that  their  J is  equal  to  our 

(iA/VeDn  r ) where  n is  the  density  outside  of  the  3heath  in  the  bulk  of 

o p f o 

the  piasma. ) The  quasi-neutral  or  ambipolar  approximation  yields  in  parti- 


cular for  nfl  at  the  boundary 


\ , rWTj.V|  V 

»0 ' L DA(,")  J taeVp 


where  for  a two-sided  disc  s = ir/ 2 and  for  a one  sided  diso  s = n , so  that 


in  either  case 


for  a sphere 


s A = ir1  r* 
P P 


s=1  and  s A = knr 2 
P P P 


and  for  a cylinder  g r 

8P  ■ ln  (hP)  “PA  ■ AffrJln  (5^) 

In  the  limit  r » J D /J  D and  r » 1 , Eq.  (377)  reduces  to 

4®  0 4 


(378) 


(379) 


(380) 


123 


(38i) 


n 

_3  „ 1 

n ~ 4ren  r D 
o ope 


0 s A 

6 -EL 


We  can  compare  Eq.  (381 ) with  the  results  in  Section  V.  If  Eq.  (329)  is 

i 3 /2 

integrated  after  multiplication  by  4/2jt  U^/m  , then  the  result  will  agree 


with  Eq.  (38l)  in  the  limit  lc«  r^  upon  identifying  D0  = lcv/3  and  ip  1Q  = 3As^/ 
(ftm^)  fwhere  >p  is  given  by  Eqs.  (331 ) to  (333)  for  various  geometries. 

We  now  wish  to  solve  for  (p.  Eliminating  dn/dr  between  Eqs.  (373)  and 
(374)  and  then  substituting  Eq.  (375)  yield 

-j  D - ID  D 


dtp  "+  e ~e  + 1 _e  9 In  n 

®r  “U+Wj^e  9r 


(382) 


Since  the  ratio  within  the  brackets  is  independent  of  n or  r,  we  can  inte- 
grate to  give  m <f>/D  equal  to  the  bracket  times  In  n/n  . In  particular  at 
the  boundary  we  sot  ^ = V^/e  and  we  obtain 

MV  r j D - j D n 

_es_r  + e °e  + 3 

eD  J D +r j D 1 n 
e L + e ue  +_1  o 

We  now  examine  the  separate  electron  and  ion  current  densities  "and 
insert  the  relevant  subscripts.  Substitute  Eq.  (375)  into  (372)  to  derive 
the  following  relations  for  the  two  species: 


(383) 


1.  * i W wo.  * 2FWT  l J.<W2.+  TV  * MW,e-W2s>  T [ 


(384) 


j = 2 n V e W + rrr 
°+  4 s + 0+  2(1 


r^r[j+(TW2++  w1+)  + je(w1  + -w2+)  -g-j  (385) 


Define  the  following  normalized  parameters: 

4j 


4J0  + At  vq  Av+ 

'+=nei  * Pe=a^FTT^T»  P+  = ^ D (1+r) 


(386) 


o e,+ 
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28 


(To  compare  with  Waymouth  , his  Q . are  equal  to  our  p s /2.  To  compare 

e,i  ^ e,+  p 

29 

with  Wilkins  and  Katra  , their  j . are  our  j and  their  p , are  our 

0 0 0 


0t  + 


and 


Their  geometries  also 

refer  to  a sphere  with  A = far2  .) 

P 

Then  we  can 

for  Eqs.  (377)  and  (383) 

n 

-a  = 1 

n 

0 

•js(p  j +Pj) 

*■  p^e  e r+u+/ 

(387) 

Vs 

’•pA-p.4  i ■>, 

(388) 

eDe  =' 

T(f>eVP+l)  n° 

Equations  (384)  and  (385)  can  be  similarly  normalized.  After  substituting 
n /n  into  them,  they  become 

3 0 

4 (_’  * * VVp  - (W2e  * T"le>] 

* 4 [iVA  - f;  <»1.  * V]  - \ 


oe 


" 2(l+r)  p ^W1+  " W2+^ 


{_*  Wo+Pe3p  2(1+r)  p + 

+ J+  [*  + * WoA3P  - 2^  <wn  + TV]  = 


These  two  equations  can  be  solved  to  yield  separate  relations  for  j and  j . 

0 + 

We  define  the  cross  denomenator,  A: 


A ■ 


W + rW  — 1 1—  r»  •»■  tv Y-  —i 

- 2(l*r)  ] P - zfiW)  J * i WoePe3p(l  * **2.> 

♦ i "oJVp  V<V  V (389) 


W.  + rW„ 
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(390) 


The  solutions  for  j and  j are 
e + 

W„  +rW0 - 


- r r "i  + TWo  ~i  p 

j*  - [>  ['  - iftwrj  * v zfcn  ?;  <wie ■ Vj/A 


and 


c r*  w0  «f  tW  — * w__  p 

+ = [Wo+  L1  "“%i47r]  + 2(u7j  f+  (wu-w2+)j/A  <391) 


If  we  substitute  these  values  into  c In  Eq.  (387)  and  into  V in  Bq. 

S 3 * 

(388),  we  finally  obtain 


Equations  (389)  to  (393)  are  our  final  results. 

The  procedure  for  calculating  I-V  characteristics  is  similar  to  that 
required  in  Weymouth's  method.  The  steps  are  as  follows: 
i)  Given  forms  of  ?Q/nQ  = f°/ng  for  electrons  and  ions,  integrate  Eqs. 

(357)  to  (359)  to  derive  v,  Djand  p for  each  species,  and  then  calculate 


r in  Eq.  (376). 

2)  Adopt  a value  for  Vp-Vfl  in  order  to  obtain  vq  in  Eq.  (360),  and  then 
integrate  Eqs.  (365)  to  (367)  to  derive  Wq,  #and  Wg,  each  as  a func- 


tion of  V - V . 

P » 

3)  For  the  particular  geometry  used, calculate  p 

--  ®»+ 


and  A from  Eqs.  (386) 
and  (389),  d0  from  Eq.  (390), and  J+  from  Eq.  (391 )•  Then  obtain  j 


If)  Obtain  n from  Eq.  (392)  and  V from  Eq.  (393)  after  n is  substituted 

S fl  3 

into  its  In  term.  Knowing  V and  recalling  that  a value  of  V -V  has 

a p s 

been  adopted,  we  now  have  the  correct  value  of  V . 

P 

5)  Redo  the  above  for  a whole  range  of  V^-V^  values, and  compute  the  total 

current  I = I - I = A(j  - j ) as  a function  of  V . 

+ e + e p 

3.  RELATIONSHIP  TO  ANALYSES  OF  WAYMOUTH  AND  TOXINS  AND  KkTRk 

Waymouth's  analysis  is  the  simplest  formulation  for  a combined  free  fall 
plus  diffusion  region.  To  obtain  his  results  we  have  to  make  two  simplifica- 
tions. First,  we  adopt  a Maxwellian  distribution, so  that  for  a species  i 


* \ = (kTi/27rmi)?,  r = Te/T+,  D±/ai  ± = kT^ 


(394) 


Also,Wo^  = exp  [-(Vp-Va)ATj]  for  the  retardation  region, and  = 1 for  the 
acceleration  region.  Secondly,  we  have  to  set  = W,,  = 0.  Then, defining  as 


he  does 


Qe  = * Pey  Q+  = * P+3p  ^ Q = WoeQe  + W0+Q+ 
we  obtain  from  Eq.  (389)  A = 1 + Q.  Also,Eqs.  (390)  to  (393)  reduce  to 


(395) 


® n A V r—  Q W (l+T  ) —1 

rT  = 1 “ 1+Q  = UQ  » kT^  = " TO  J ln  ^ + 


Je  = Woe/(l  + Q>  - W0+/(1  + Q) 


(397) 


For  an  acceleration  region  where  W = 1 , we  have  for  the  saturation  ourrent, 


Isat'U3^ng  Eq*  rssuit 


4(l/v+  QA 


(398) 


The  two  additive  terms  in  the  denomenator  correspond,  respectively,  to  the 
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usual  Langmuir  contribution  and  to  the  ambipolar  collisional  contribution, 


where  v/Q  defines  the  flow  velocity.  As  another  example,  consider  the  case 

of  a Maxwellian  distribution,  a constant  mean  free  path  (D=-^  ^cv)»  a 

sphere  (s  = l),  and  an  electron  retardation  region  with  W = exp[-(V  -V  )/ 
p oe  p s 

kT  ] and  W = 1 • Then  , 

ru.  * 


a 3exp[-(V  -V  )kT  ] 
ft  _ P a eJ 


5yl+vv 


41  (i+t  /r  J 

c+x  e + 


(399) 


This  relation  is  given  by  Swift11  (p.  229),  where  he  uses  Y = Q/r  . 

P 

Swift  implies  that  the  assumptions  in  Waymouth  are  self -contradictory. 

On  one  hand,  he  is  investigating  the  continuum  limit  where  1^ « r^  ,and,on 

the  other  hand,  he  wants  fQ  to  remain  isotropic  up  to  the  probe  surface, 

in  order  for  W,  = W„  = 0,  which  requires  1 » r . 

1 2 * 1 c p 

Wilkins  and  Katra  attempt  to  improve  the  theory.  They  follow  Waymouth, 
except  that  they  adopt  W1  = = Wq  = W,say.  With  this  approximation,  Eqs. 

(389)  to  (393)  simplify  thus: 


A = (1-i  V + * WePe3p(l“*  V+*  W+P+3p(l“*  V 


(400) 


“ = 1 - [p  W (l-jW  ) + p W (1  - i W )] 
n 2A.  re  ev  * +'  r+  + e J 


(401) 


*iV  rjpf  (1-Jf  )-pW(l-Jw)^  n 
e s f r+  + N 2 e'  re  eN  2 4 . ) , a 

— — — = — f — L "■  f . r -*'1  _y-t  - ■ i Jn  In  — 


InP.V1  - * V + P+V  W » 


(402) 


«Je  = we(l  " 4 W+)/A  K = W+(i  - i We)/A  (403) 

We  note , however, that  the  assumption  W^  = W^  = Wq  is  incorrect  according 

to  the  analysis  in  Section  II.  Our  analysis  here  in  Eqs.  (365)  and  (367) 

would  give  the  following  expression,based  on  a Maxwellian  distribution  and 

a constant  mean  free  path  (v<  = v/l  ) , 

c 
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w0  = exp[-(vp-va)Ar] 


(404) 


W1  = w2 


0 


V -V 

P 3 


kT 


\ r /V  -v  \- . /V  -v  /V  r/v  -v  v -- 


(405) 


where  4 is  the  error  function.  Thus,W  differs  from  W.  and  W„,  although  W, 

o 12  1 

is  equal  to  for  a Maxwellian  distribution. 

4.  LIMITING  CASKS 

Let  us  now  go  back  to  our  generalized  relations  and  look  at  several 
limiting  cases. 

Consider  the  limit  of  free  electron  diffusion,  that  is, when  ambipolar 
effects  become  negligible.  In  Eqs.  (389)  to  (393)  we  take  the  limits  t » 1 
and  p » p or  tv  D > v D or  r > I D /i  D . These  inequalities  were 

0 4 0+  + 0 +00  + 

/v 

already  mentioned  in  Eq.  (336).  Except  for  V and  j , the  relations  now 

s + 

become  independent  of  ion  effects.  We  obtain  A =A  (l  - 5 Wn  ) where 

o * 2+  > 


A = 1 - £ W.  + £ W o s 
o 2 1 e * 09  e p 


Also . 


and 


n 

— = 1 - s o W /A 
nQ  p e oe'  c 


u V , to  W (1  - £ W,  ) - p W (1  - A W«  k n 

e s ( r + o+N  *■  1e'  *e  oev  2 1+'  _ t 


oD 


■I' 


n>.»0.i1  * * 


2+' 


\ ** 
-In  — 

J no 


•f.  - W«A 


K - »„)A  * 


(406) 

(407) 

(408) 

(409) 

(410) 


Prom  Eqs.  (386),  (406),  and  (409),  the  toted  electron  current  when  t»  1 
can  be  written  as 
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T 


. f-  W a Av 

I = 5 An  e v W / 1 + -Sf  p“--  - £ W , 

e o e oe/  ^ Ibnrr  De  z lej 


W 8 Av 
JL 
c l 
P 

Prom  Eq.  (3$5)  and  since  K = 3re/n?  , we  note  that 


(411) 


OO 

i n e v W =K  f dU(U- V ) 
^ o e oe  oj  o p 


(412) 


V -V 
P o 


Aa  mentioned  following  Eq.  (381 ),  under  certain  conditions  one  can  associate 
the  quantity  3Asp/(8irrp)  = with  tp  given  by  Eqs.  (331  ) to  (333). 


Then  we  can  write  Eq.  (41 l)  as 


AK  f dU(U- V ) 
o o p' 

- V -V 

I-  = P a 


(413) 


1 + | W - i W. 

2 oe  2 1 e 

This  expression  is  strikingly  similar  to  Eq.  (350)  in  Section  V.  Here  we 

use  a moment  approach  whereas  there  a kinetic  approach  is  adopted.  Our  basic 

assumption  here  (which  is  not  used  in  Section  V)  is  that  f°/n s = ?Q/n0 

independent  of  position.  The  consequences  appear  as  separate  averaged  terms 

over  fQ  in  the  various  parts  of  Eq.  (413),  rather  than  as  a single  Integral 

over  f as  in  Eq.  (350).  Upon  comparing  the  two  expressions  for  I , we  see 

thalj  if  the  two  correction  terms  in  the  denomenator  are  omitted,  the  two  1^ 

expressions  become  Identical.  Ube  first  correction  term  in  Eq.  (413)  is  our 

^ effeot  associated  with  the  differences  between  fs  and  f . The  second 

0 o 

correction  term  is  our  £ effeot  associated  with  f®r,and,as  seen  in  Eqs.  (351 ) 
to  (353),  £ = 1 when  1Q « r^.  The  two  correction  terms  are  of  opposite  signs, 
as  found  previously  in  Seotion  V.  Although  the  moment  approach  is  inferior 
in  this  limit,  nonetheless  the  more  general  relations  have  successfully 
included  the  spaoe  charge  electrostatic  potential,  a task  which  is  exceedingly 
difficult  with  a kinetio  approach. 
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Finally,  we  now  adopt  our  generalized  relations  to  the  two  situations 
of  electron  acceleration  and  ion  retardation  and  the  converse.  In  the  first 
case  we  set  WQe  = = W = 1 (see  Eq.  (368)),  and  we  obtain  from  Eqs.  (389) 

to  (393)  the  following  results: 


w. . + rw„ 


A = ■j  1 - 

"2T14ttJ  + * Wo+P+8p+  7 pe3p(l  - * V 

(414) 
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In  the  opposite  limit, when  electrons  are  retarded  and  ions  are  acceler- 
ated, we  set  + = Wg  = 1 and  find  the  following  results: 


i-  W + rW 
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and 


(422) 

(423) 
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In  both  cases,  the  total  current  is  given  by 


I . Ie  - A(J,-  J.)  = i »0<*O.S.  - Ve> 


(424) 


The  above  relations  are  thus  appropriate  to  derive  I-V  characteristics 

in  the  continuum  limit,  1 « r . They  reduce  to  all  known  limits  and  general- 

c p 

ize  the  works  of  previous  authors  in  including  the  following  effects:  proper 

expressions  or  averages  for  and  which  are  related  to  flow  effects; 

generalized  expressions  even  for  F to  non- Maxwellian  distributions;  allow- 

o 

ance  for  any  of  three  geometries,  namely,  plane , sphere,  or  cylinder;  and  an 
arbitrary  energy  dependence  for  the  mean  free  path  or  collision  frequency. 


I 
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SECTION  VII 


DISCUSSION  AND  CONCLUSIONS 

Electrostatic  probe  measurements  of  the  electron  velocity  distribution 
function  inside  a plasma  suitable  for  lasing  action  have  become  more  and 
more  important.  They  provide  us  with  valuable  information  about  the  excita- 
tion mechanisms  inside  the  medium  andf  hence , about  ways  of  improving  the 

laser  efficiency.  Measurements  have  been  made  with  cylindrical  probes  for 

32-39 

diagnostics  to  investigate  the  N^  medium  both  with  and  without  COg  and 

the  CO  lasing  medium^0.  The  nitrogen  plasma  has  also  been  studied  with  a 
plane  probe^ . 

An  active  electrical  discharge,  when  used  as  a lasing  medium,  usually 
has  an  E/p  value  between  1 and  100  V/cm-torr,  and  the  electric  field,  E,  can 
be  greater  than  3 V/ mm.  In  the  COg-Ng  laser  at  low  degrees  of  ionization, 
inelastic  processes  are  decisive  in  shaping  the  electron  distribution  func- 
tion, f,  and  coupling  occurs  between  f and  the  molecular  vibrational  energy^. 
Direct  electron  impact  excitation  of  vibrational  levels  plays  an  important 
role  in  the  COg  laser.  The  region  where  the  isotropic  part  of  the  distri- 
bution function,  fQ,  decreases  sharply  corresponds"^  to  electron  energies 
at  which  the  elastic  and  inelastic  electron  scattering  cross  sections  by 
molecules  increase  markedly.  With  probes,  one  can  ascertain^*  the 

influence  of  different  mixtures,  pressure,  current,  gas  flow,  etc.,  on  the 
form  of  fQ,  on  the  number  of  fast  electrons  in  the  tail  of  fQ,  on  the  average 
electron  temperature, and  on  the  electric  field  in  the  plasma.  Probe  measure- 
ments’^*'^ also  show  that  the  laser  action  induces  a pronounced  depletion 
of  electrons  in  the  electron  energy  range  around  a few  eV.  Bletzinger  and 

Garscadden^  find  essential  agreement  between  their  measured  f functions 

42 

and  the  calculated  values  of  Nighan  and  Bennett  for  C0^  laser  gas  mixtures. 
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The  interpretation  of  the  Langmuir  probe  characteristics  is  largely 
complicated  by  the  presence  of  the  external  E and  by  collisional  effects. 
The  field  E causes  f in  the  plasma  to  become  both  non- Maxwellian  and  ani- 
sotropic. In  this  report,  we  are  concerned  with  the  use  of  electrostatic 
probes  to  study  the  none quil-i hrium  aspects  of  active  plasmas  with  a low 
degree  of  ionization.  One  of  our  aims  is  to  provide  information  on  deduc- 
ing f from  the  probe  current-voltage  (i-V)  characteristics. 


There  are  three  pressure  regimes  with  differing  theories  in  the  study 

of  electrostatic  probes  and  the  sheaths  they  create  in  a plasma.  The 

regimes  are  characterized  by  the  ratios  of  three  basic  physical 

lengths,  namely  the  probe  radius  (r  ),  the  sheath  thickness  (X  ) related 

p s 

to  the  Debye  length,  and  the  mean  free  path  (l  ) of  charged  particles  in 

c 

the  plasma. 

In  Sections  II  and  III,  the  theory  is  based  on  the  method  of  Langmuir 

4 

and  Mott-Smith  . A collisionless  sheath  is  considered,  subject  to  the 

conditions  that  1 is  greater  than  both  r and  A and  that  the  electric 
c p s 

field  at  the  sheath  edge  is  predominantly  that  due  to  the  discharge.  Colli- 
sionless probe  theory  has  been  refined  by  many  authors,  for  example,Bem- 

43  44 

stein  and  Rabinowitz  and  Laframboise  . The  refinements  usually  pertain 
to  the  acceleration  region, and  the  methods  usually  assume  the  electrons 
to  have  a Maxwellian  distribution  and  the  ions  to  be  either  likewise  or 
monoenergetic.  For  the  electron  retardation  region  from  which  the  electron 
distribution  function  is  deduced,  the  relations  for  the  electron  current 
given  by  all  these  theories  agree,  even  for  a general  isotropic  fQ.  Most 
of  our  interest  lies  in  the  analysis  of  this  region.  We  pursue  the 
method  of  Langmuir  and  Mott-Smith,  since  it  is  the  simplest  approach,  to 
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provide  the  corrections  due  to  the  potential  drop  (V  ) across  the  sheath 

in  the  presence  of  E and/or  due  to  an  anisotropic  distribution  function. 

We  find  that  these  correction  terms  depend  on  the  probe  geometry  and  on 

the  ratio  r /r  , where  r is  the  position  of  the  sheath  from  the  center 
s p s 

of  the  probe.  For  a plane  geometry,  we  obtain  contributions,  given  in 

Eq.  (134), from  all  three  parts  of  the  distribution  function  (viz., isotropic 

f , directional  f ^ z,  and  tensor  ?2ZZ  corapoooots)  and  additional  corrections 

to  each,  given  in  Eqs.  (2%.)  to  (297),  when  V&  is  included.  For  a sphere, 

only  the  f term  contributes  if  V is  omitted  (see  Eq.  (l 36)), and  the  f 

o a 1 z 

and  f2zz  contributions  appear  only  for  finite  V&  (see  Eqs.  (300  ) to  (303)). 

For  a cylinder,  f and  f„  contribute  if  V is  omitted  (see  Eq.  ( i 39 ) ) • 
o dzz  a 

However,  f contribute and  corrections  appear  in  all  the  terms  if  V is 
included  (see  Eqs.  (304)  to  (307) )•  Lukovnlkov^  has  derived  relations^ 
including  the  f q and  f ^ z contributions  for  a plane  and  cylindrical  probe , 
which  agree  with  our  results.  However,  he  didn't  give  the  ?2ZZ  and  Va 
corrections. 

Certain  relations  require  a knowledge  of  the  sheath  radius  (rg).  "lien 

V =0,  the  sheath  radius  appears  as  a separate  parameter  only  in  the  accel- 

ft 

erating  region  and  even  then  only  in  the  transition  region  from  the  space 

charge  limited  thin  sheath  (r  « r ) to  the  orbital  limited  thick  sheath 

s p 

(rg»  rp)*  either  limit,  the  relations  are  independent  of  rg,  as  can 

be  seen  from  Eqs.  (65)  and  (66)  (where  the  second  term  only  contributes 

when  r » r ) for  a sphere  and  from  Eqs.  (126)  and  (127)  for  a cylinder, 
s p 

Our  orbital  limited  relations  for  a sphere  and  cylinder  agree  with  Poly- 
chronopulos^,  who  gives  the  integral  over  a general  f in  this  limit.  When 

V is  included,  we  note  that  for  a plane  r appears  only  in  the  expression 

6t  S 
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for  V , and  the  results  are  given  in  Eqs.  (149)  to  ( 1 55) • For  the  sphere 
and  cylinder,  it  also  appears  in  correction  terms  multiplying  V • It 
thus  appears  that  an  approximate  knowledge  of  the  sheath  radius  is  suff- 
icient, since  it  is  required  only  in  certain  transition  regions  and  for 
correction  terms*  Our  approximate  expression  for  the  sheath  thickness  is 
given  in  Eq.  (308)*  It  includes  the  Bohm  sheath  criterion  and  the  effect 
of  negative  ions*  We  suggest  that  further  effort  he  made  to  predict  r 

9 

from  the  solution  of  Poisson's  equation  and  to  include  the  changes  in  tQ 
from  the  sheath  position  to  that  in  the  plasma. 

In  this  collisionless  regime,  we  provide  new  relations  to  deduce  all 
three  components  of  the  electron  distribution  function  from  the  I-V  char- 
acteristics. Because  the  cylindrical  and  spherical  probes  are  insensitive 
to  f (except  for  V corrections) , one  contemplates  the  use  of  a plane 
probe  or  a spherical  grid  system.  (The  latter  may,  however,  be  too  cum- 
bersome and  thus  perturb  the  plasma  in  an  unwanted  fashion.)  Without  the 
V corrections,  the  response  of  a sphere  could  give  f directly.  However, 
th®  corrections  complicate  the  analysis,  and,  since  a plane  probe  is 
r^'.ujTt'd  if  f1  z is  desired,  it  is  simplest  to  use  the  plane  probe  to  deduce 
f and  f_  as  well,  rather  than  to  insert  multiple  probes*  When  7 is 
negligible,  we  find  that  three  orientations  of  a one-sided  plane  probe  are 
sufficient  to  deduce  the  three  components  of  f*  For  stronger  electric  fields, 
five  orientations  of  the  probe  are  neoessary*  The  relations  far  this  new 
method  of  deducing  the  components  of  f are  given  in  Eqs*  (309)  to  (314)* 
Lukovnikov^,  who  provides  the  relations  for  the  current  response  for 

given  f and  f . , does  not  solve  the  inverse  problem  to  obtain  f and  f, 

° o Is*  ^ o 1* 

from  the  current. 
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The  three  appendices  cover  the  pressure  (p)  and  E/p  ranges  of  opera- 
tion for  such  an  one-sided  plane  probe,  its  construction  and  two  computer 
programs  for  its  use.  Sample  computer  results  are  given  in  Section  IV. 
These  programs  should  be  perfected  to  decrease  the  computer  gener- 
ated noise  and  to  allieviate  various  other  problems  that  are  discussed  in 

Section  IV.  Eventually,  one  may  hope  to  provide  real  time  Langmuir  probe 

45 

data  reduced  by  a computer,  as  already  done  at  ARL  for  other  systems. 

Our  present  programs  allow  us  to  diagnose  by  numerical  means  the  anisotropy 
of  a plasma  with  an  imposed  E from  the  data  obtained  by  a plane  probe  in 
a very  low  pressure  plasma. 


An  inherent  problem  in  designing  a plane  probe  is  that  it  is  diffi- 
cult to  construct  a probe  of  disc  radius  r less  than  1 , for  pressures 

P c 

of  the  order  of  a torr,  in  order  to  satisfy  the  collisionless  regime's 
requirement  that  1q>  r^.  We  conclude  that  at  these  and  higher  pressures, 
probe  theory  has  to  include  quasicolli3ional  effects.  If  we  were  to  choose 


a cylindrical  probe  and  forego  the  measurement  of  f due  to  E,  then  we 

could  possibly  design  a sufficiently  small  probe  radius  to  fall  into  the 

38 

collisionless  regime.  In  fact,  Danilov  et  al  used  two  cylindrical  probes 


of  different  r^  at  pressures  between  1 to  7 torr. 
finite  probe  size  became  noticeable  even  at  rpAc 


They  found  that  the 
« 0.1  and  that  the 


distribution  function  was  properly  determined  by  the  second  derivative 


method  only  for  very  thin  probes.  With  the  larger  probe,  they  obtained  a 
significantly  broadened  fQ  (with  all  fo's  normalized  to  the  same  maximum 
value).  Self  and  ShilA^  have  also  observed  collisional  effects  at  pres- 
sures as  low  as  0.4  torr  with  a spherical  probe.  Quasicollisional  theory 


thus  seems  to  be  a requirement  for  analyzing  most  measurements  except  those 
at  quite  low  pressures. 
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In  the  quasicollisional  regime  where  r > 1 > A , usually  corresponding 

pcs 

to  pressures  of  a few  torr,  the  plasma  sheath  is  a combination  of  collision 

free  and  collision  dominated  regions.  It  is  still  possible  to  use  a kinetic 

26  27 

approach  in  the  analysis, as  shown  by  Swift  and  Lukovnikov  and  Novgorodov 

for  a spherical  and  cylindrical  probe, respectively.  These  authors  also 

show  how  one  can  derive  by  iteration  the  form  of  f from  the  second  deriva- 

o 

tive  of  the  current  in  the  electron  retarding  region.  In  Section  V,  we 
extended  these  analyses,  gave  the  result  for  a plane  probe  as  well,  and  included 

the  blocking  action  of  the  probe.  This  means  that  we  include  the  f^r  radial 

component  of  the  electron  distribution.  The  value  of  f is  calculated  from 

the  diffusion  of  electrons  in  the  quasicollisional  part  of  the  sheath.  It 

is  then  used  as  an  input  function  into  the  analyses  given  in  Sections  II  and 

III  for  the  current  determined  by  f and  f . at  the  collisionless  sheath 

boundary,  i.e., region  of  transition  between  the  free  fall  and  diffusion 

regions.  The  change  in  f from  the  plasma  to  this  boundary  due  to  diffu- 

26  27 

s ion  is  also  calculated,  somewhat  as  in  the  previous  efforts  * which 
included  only  this  effect. 

Two  basic  assumptions  are  made  in  Section  V.  The  first  is  that  the 
electron  diffusion  is  free,  which  allows  us  to  omit  the  space  charge  field 
and  ion  effects.  This  imposes  the  condition  in  Eq.  (336)  that  the  electron 
to  ion  temperature  be  very  large.  The  second  assumption  is  that,  at  the 
matching  boundary,  only  f^r  due  to  diffusion  contributes,  whereas, in  fact, 
f . and  f„  due  to  the  external  electric  field  should  be  included,  as  we 
did  in  Sections  II  and  III.  We  suggest  that  further  efforts  be  directed 
towards  these  factors.  To  tackle  the  problem  involving  the  space  charge 
field,  we  require  a solution  of  the  ion  dynamics.  AlsOj including  f^  requires 
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a knowledge  of  the  variation  of  each  and  coupling  between  and  from 
the  boundary  to  the  outside  plasma. 


Our  results  on  the  quasicollisional  sheath  analysis  are  given  in  Eqs. 

(350)  to  (353),  where  the  £ factor  represents  the  blocking  action  of  the 

probe  and  the  ifi  factor  is  due  to  the  variation  of  f or  density  from  the 

26 

boundary  to  the  plasma.  These  relations  agree  with  Swift  and  LukovniJcov 
27 

and  Novgorodov  if  we  omit  the  £ factor.  The  edditional  £ factor  is  cal- 
culated with  the  proper  multiplicative  energy  function  H(u)  obtained  from 
the  results  in  Section  III.  This  H(u)  function  depends  on  the  geometry 


and  on  the  ratio  of  r^/r^,  except  when  the  ratio  is  either  large  or  small. 

ye  find  that  the  £ factor  is  of  the  same  order  as  the  tb  factor  when  1 is 

c 

comparable  to  r^.  However,  as  lc  becomes  small,  the  £ factor  is  of  lesser 
importance . 

Attempts  have  been  made  by  other  authors  to  derive  corrections  similar 


to  ours  which  account  for  the  blocking  action  of  the  probe.  For  example, 


yasserstrom  et  al  obtain  an  energy  averaged  factor  for  small  V^.  They 
include  the  ion  motion  but  assume  equal  electron  and  ion  mean  free  paths 


and  straight  line  trajectories  between  particle  collisions,  so  that  their 


results  cannot  be  readily  compared  with  our3. 

24 

Besides  Wasser strom  et  al  , various  other  analyses,  such  as  Chou  et 
47  48  49 

al  , Bienkowski  and  Chang  f and  Su  , have  tried  to  derive  moment  rela- 
tions from  the  Boltzmann  transfer  equation,  both  in  the  1 > r and  r > 1 

c p p c 

regimes.  Such  analyses  attempt  to  allow  for  the  presence  of  the  probe  and 
how  it  influences  the  trajectories  of  the  particles.  However,  every  attempt 
at  generalization  introduces  new  approximations.  Our  analyses  in  Section  VI 

are  also  such  an  attempt  for  1 < r , and  they  are  discussed  below. 
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If  Tp>A3>  1^,  corresponding  to  pressures  above  10  torr,  the  plasma 

density  and  potential  in  the  vicinity  of  the  probe  are  nonuniform  due  to 

diffusion  and  space  charge  effects,  and  collisions  play  an  important  role 

in  determining  the  sheath  profile.  Kinetic  approaches  are  difficult  to 

pursue  and  one  resorts  to  the  moment  equations.  ?or  this  reason,  the 

possibility  of  deducing  f from  I-V  characteristics  i3  uncertain  in  thi3 

regime.  In  Section  VI,  we  calculate  the  probe  current  for  given  f and  include 

o 

the  apace  charge  potential  and  ambipolar  diffusion  effects.  These  effects 

influence  the  form  of  fQ,  since  fQ  depends  on  the  density.  Sufficiently 

far  from  the  probe,  an  ambipolar  type  of  diffusion  takes  place  in  a 

sheath  which  is  more  or  less  quasineutral.  The  transition  region  between 

the  collisionless  and  quasineutral  sheaths  is  omitted  in  the  analysis. 

Instead,  a hybrid  sheath  is  adopted, and  the  solutions  for  the  two  layers 

are  matched  at  the  boundary  between  them. 

In  obtaining  the  moment  relations  for  the  hybrid  model,  we  have  general- 

28  30 

ized  the  theories  of  Waymouth  and  of  Blue  and  Ingold^  by  deriving  more 

accurate  averages  over  the  distribution  function.  However,  in  so  doing, 

we  had  to  adopt  the  commonly  used  approximation  that  the  ratio  of  fQ  to 

the  density  (n)  at  the  boundary  is  the  3ame  as  in  the  undisturbed  plasma. 

This  is  valid  for  a Maxwellian  fQ  whose  energy  dependence  does  not  change 

within  the  sheath,  an  assumption  made  in  most  analyses.  We  adopt  the  same 

concept  for  an  arbitrary  fQ.  We  generalize  as  well  to  include  the  blocking 

action  of  the  probe  and  the  anisotropic  part  of  f ^ , namely,  f.^  due  to  radial 

flow  near  the  probe,  which  was  omitted  by  Waymoutn  . Blue  and  Ingold^  , 

who  included  this  effect,  obtained  a non-zero  particle  density  at  the  probe 

surface  and  were  able  to  recover  a Boltzmann  line  for  a Maxwellian  f • 

o 

29 

Similarly,  Wilkins  and  Katra  include  the  effects  of  the  anisotropy. 


However,  the  matching  conditions  at  the  collisionless  boundary  for  f used 
by  these  authors  are  not  exact,  whereas  the  matching  equations  used  here 
are  baaed  on  the  correct  relations  derived  in  Section  II  for  a thin  colli- 
sionless sheath.  Our  final  relations  are  given  in  Eqs.  (414)  to  (424). 

For  a non-Maxwellian  distribution  function,  the  assumption  that  the 
ratio  fQ/n  is  a function  only  of  energy  is,  strictly  speaking, incorrect. 

The  function  fQ  is  not  necessarily  a separable  function  of  position  and 

energy  for  all  positions  inside  the  3heath.  One  suggestion  is  to 

allow  f to  be  the  sum  of  two  Maxwellians,  each  of  which  i3 

separable  in  space  and  energy.  However,  even  this  supposition  is  not  exact, 

since  this  decomposition  may  not  apply  within  the  sheath,  even  though  it  can 

reasonably  be  done  within  the  bulk  of  the  plasma.  Further  work  along  these 


lines  will  be  useful.  We  also  suggest  that  our  method,  presented  in  Seotion  VI, 

be  generalized  to  include  the  transition  to  the  regime  1 > r , a task  that 

c p 

should  not  be  too  difficult. 


In  comparing  the  moment  theory,  used  here  in  hybrid  form,  with  continuum 
theory  in  the  collisional  regime,  one  has  to  realize  that  the  fluid  equations, 


used  in  the  latter  approach,  are  obtained  from  the  moment  equations  by  letting 


1Q  be  infinitesimal  and  by  ignoring  the  blocking  effect  of  the  probe. 
Consequently,  it  does  not  take  care  of  the  anisotropy  of  f near  the  probe 
surface.  The  equations  in  continuum  theory,  so  derived,  are  inapplicable 
closer  than  a few  mean  free  paths  from  the  probe  surface.  It  is  assumed 
that  lc  is  so  small  that  any  particle  in  the  sheath  suffers  enough  collisions 
to  "forget"  about  the  existence  of  the  probe.  Essentially,  this  is  equival- 
ent to  omitting  the  £,  W^,  and  Wg  factors  in  our  theory,  as  Weymouth  has  done, 
and  regarding  the  equations  as  valid  up  to  the  probe  surface.  Thus  the  continuum 
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theory  can  be  regarded  as  the  limit  of  the  moment  method  for  a negligible 
mean  free  path.  Consequently,  relations  based  on  the  moment  method  are 
superior  provided  they  are  tractable. 
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APPENDIX  A 


PARAMETER  MAP 


1 . INTRODUCTION 

In  this  appendix,  we  deduce  (l)  the  parameter  map  for  the  validity  of 
collisionlesn  probe  theory  in  an  active  discharge,  with  scaling  conditions 
and  plots  relevant  to  nitrogen  and  (2)  the  minimum  time  for  an  I-V  sweep. 

The  effect  of  negative  ions  is  covered  in  Section  III. 

There  are  many  conditions  that  have  to  be  obeyed  for  validity  of  colli- 
sionless probe  theory.  Some  of  these  pertain  to  the  dimensions  of  the  probe 
and  others  pertain  to  the  plasma  and  applied  potentials.  The  latter  criteria 
are  considered  here  whereas  the  former  will  be  considered  in  the  next  appendix. 
The  limits  for  each  of  the  three  criteria  for  validity  given  below  are  drawn 
on  a plot  of  E/p  versus  p/?j  for  various  V^,  where  B is  the  electric  field 
strength  in  the  plasma,  is  the  potential  applied  to  the  probe,  p is  the 
pressure,  and  rj  is  the  ratio  of  electron  density  to  neutral  particle  density. 
Such  a plot  has  to  be  drawn  for  each  gas  or  gas  mixture.  For  illustration 
purposes  we  have  done  this  for  a nitrogen  plasma. 

2.  PARAMETER  MAP  AND  SCALING 

Besides  certain  conditions  on  probe  dimensions,  to  be  given  in  Appendix 
B,  the  domain  of  validity  of  the  present  probe  theory  is  determined  by  the 
following  assumptions: 

f ) For  the  spherioal  harmonic  expansion  to  be  oonvergent1 , the  elec- 
tron drift  velocity,  vfl,  must  be  smaller  than  the  eleotron  thermal  energy, 
v#.  That  is, 
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v mv  v 
e e 


where  1 is  the  electric  field  in  the  plasma  , v ^ is  the  momentum  transfer 
collision  frequency  for  electron-neutral  collisions,  and  e and  m are  the 


electron  charge  and  mass, respectively.  However,  since  v^  varies  non- 
linear ly  with  E for  strong  electric  fields  and  since  v increases  with  E, 
it  is  more  appropriate  to  use  the  experimentally  and/or  theoretically  deter- 
mined curves  of  vd  and  v0  versus  E/p  to  find  the  limits  on  the 

condition  v - < v • 

a e 

2 ) For  the  sheath  to  be  collisionless,  the  sheath  thickness,  \ , 

8 

must  be  small  compared  to  the  electron  mean  free  path,  1q: 


\ <1 
s 


c 


3)  For  the  perturbation  due  to  the  external  electric  field  E to  be 
small  around  the  probe,  we  must  have 


eE\  < V 
s p 


plasma  potential* 

For  a given  gas  temperature  and  ratio  of  electron  to  neutral  densities, 

Tj  ■ n /to,  these  assumptions  Impose  limitations  on  the  external  electric 

field,  E,  and  on  the  neutral  pressure,  p,  and  eventually  on  the  probe  voltage, 

V . We  now  discuss  these  limitations  for  eaoh  of  the  three  conditions  for 
P 

the  situation  of  a nitrogen  gas  at  300°K, 

* This  electric  field  E is  the  one  we  find  in  the  probing  region  far  from 
the  electrodes*  This  means  that  for  the  experimental  evaluation  of  E 
one  must  exclude  the  strong  potential  drops  occurring  near  the  electrodes, 
so  that  1 is  smaller  than  the  potential  difference  between  the  electrodes 
divided  by  the  length  of  the  discharge* 


11»8 


Consider  the  first  condition.  A measure  of  v^  and  v0  ■ (kT0/m)  , 

or  electron  temperature,  can  be  derived  from  experimental  and  theoretical 

curves  (k  is  Boltzmann’s  constant).  Figure  27  plots  both  v,,  v and  the 

d e 

ratios  5vg/v0  and  4Vg/V0  versus  E/p  from  the  experimental  and  calculated 

21  22  17 

data  given  by  Massey  , Frost  and  Phelps,  and  Nighan  , as  well  as  data 
ox 

by  Long  et  al  of  ARL.  We  note  that  v,  is  equal  to  v /5  when  E/p  w 35* 

CL  6 

If  we  take  v , = v /4  as  sufficient  to  satisfy  the  first  condition,  then 
the  upper  limit  on  E/p  is  about  88.  Thus,  this  condition  is  usually  satis- 
fied for  cases  of  concern  in  pure  nitrogen. 

The  ratio  of  sheath  thickness  to  Debye  length,  A^,  is  evaluated  from 
Eq.  (290).  Adopting  V0 = V0l  for  simplicity,  we  have 


with  1 i 4 

= C1 .71 7x  10“ 1 1 T0(eV)F  cm-torr* 

and  V0  = kT^e  = mv^/e.  The  ratio  ^gAjj  is  plotted  in  Figure  28.  It  is 
not  valid  for  Vp/V0  < 4, but  the  graph  has  been  extrapolated  towards  zero. 
Using  the  plot  of  v0  versus  E/p  in  Figure  27,  we  evaluate  V0,  A^i/p)^, 

A A_  and  finally  A (up)^.  Plots  of  A Crjp)^  versus  E/p  for  various  V 

0 U 9 S 3 J) 

values  are  given  in  Figure  29. 

We  can  also  calculate  the  mean  free  path,  1 , from  the  v,  and  v data 

0 Q.  0 

in  Figure  27,  based  on  the  formula 

i jfiL  _ t » Vd 

0 _ 8 yirm  J n0eJ  \8j  e E 

where  a is  the  do  electrical  conductivity.  This  equation,  although  derived 
(see  p.  141  in  Ref.  l)  for  a Maxwellian  distribution  function  with  a constant 
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E/p  (V/cm/TORR) 


Figure  27«  Drift  Velocity,  v^,  Thermal  Velocity,  ,and  Ratios  Versus  E/p 


mean  free  path  collisional  model,  is  not  too  sensitive  to  the  form  of  the 
distribution  if  lc  does  not  vary  much  with  E/p.  Figure  29  shows  calculations 
of  plc  versus  E/p  based  on  this  relation.  As  is  evident,  lc  does  not  vary 
appreciably  in  the  indicated  range  of  E/p  or  T . 

Using  the  results  in  Figure  29,  we  can  now  evaluate  the  assumptions 

(2)  and  (3)  and  provide  a parameter  map  for  nitrogen.  For  assumption  (l), 

we  take  v^  = v0/4, which  gives  the  horizontal  line  at  E/p  = 88  shown  in 

Figure  30.  We  note  that  the  evaluation  of  (pi  )2/[A  (f7p)^]2  = 1 (or  1 =A  ) 

for  each  E/p  and  each  value  also  depends  on  the  ratio  p/77.  Thus  in 

Figure  30  we  show  the  A =1  curves  for  various  V versus  E/p  and  p/rj  values. 

sc  p 

1 

We  also  evaluate  curves  by  equating  V^/[  (E/p)  (Afl(qp)^)]a  = 1 for 

various  versus  E/p  and  p/rj  values,  and  these  are  also  plotted  in  Figure  30. 

Assumption  (l)  implies  the  requirement  that  E/p  lies  below  the  horizon- 
tal line.  Assumption  (2)  imposes  a maximum  value  for  p/rj  for  a given  probe 
voltage.  The  maximum  values  for  p are  represented  by  the  vertical  curves 
for  different  probe  voltages.  For  lower  probe  potentials,  the  restriction 
on  p/rj  is  less  severe  since  the  sheath  becomes  smaller  and  is  less  likely 
to  be  collisional.  In  the  region  under  the  oblique  lines,  assumption  (3) 
is  satisfied.  The  position  of  these  curves  also  depends  on  the  probe  pot- 
ential. The  lowest  V value  is  V = 0.5  kT  /e  = 0.5  V . 

p p e e 

From  Figure  30,  it  appears  that  the  most  severe  limitations  on  plasma 
conditions  come  from  assumption  (2)  at  high  values  (V^  * 10  volts)  and 
pressures  above  0.1  torr,  and  from  assumption  (3)  at  low  values  (V^*  0.5 
Volts)  if  E/p  is  sufficiently  large  (E/p  > 70  V/cm-torr). 
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3.  SWEEP  FREQUENCY 

Hie  sweep  frequency,  f , of  the  probe  voltage  with  time  (t)  must  be 
small  enough  so  that  the  slowest  particles,  namely  the  ions,  will  pract- 
ically detect  no  time  variation  of  potential  when  crossing  the  sheath. 

That  is, 

1 

where  v+  is  the  ion  drift  velocity  at  the  sheath  edge,  approximately  equal 
to  (kT  /m  )?.  For  X = 1mm,  kT /e  = 1eV,and  m = 4.65  x 10-*6  kg  for  N„, 
we  have 

f <1.86  MHz 

3 

Thus,  the  sweep  frequency,  which  is  usually  lower  than  this  value,  does 
not  present  any  problem. 

It  is  preferable  to  operate  at  frequencies  below  the  ion  plasma  frequency 
as  well.  Hiis  imposes  the  condition  that 

fs  < (n+®Vv+)V2tr 

or  f < 2.7  MHz  if  the  ion  density  n+  = 4.5  x 101sm-3.  This  condition  is 
thus  also  easy  to  satisfy. 


dV  v 
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APPENDIX  B 


DESIGN  AND  CONSTRUCTION  OF  A PLANE  PROBE 


1 . DESIGN  AND  DIMENSIONS  OF  THE  PLANE  PROBE 

The  appropriate  dimensions  of  the  prohe  are  determined  mainly  by  the 

value  of  the  tube  radius  R.  and  the  sheath  thickness  A . 

t s 

The  tube  radius  R.  imposes  a maximum  value  to  the  probe  radius  R • 
t p 

If  the  electron  density  varies  radially  as 


ne(r>  ~ neoJo(2*4  r/V 

where  n is  the  electron  density  on  the  tube  axis  and  J is  the  zero  order 
60  O 

Bessel  function,  then  the  probe  radius  R^  must  be  at  most“equal  to  l/5  R^. 
if  we  want  a variation  of  density  of  less  than  5%  over  the  probe.  For 
R^  = i.25  cm  and  R^  = 0.75  nun  or  2mm,  the  variation  of  density  over  the 
probe  is  about  0.59&  or  /^respectively. 

Figure  31  indicates  additional  conditions  that  the  plane  probe  has  to 
satisfy.  These  are  plotted  on  a versus  p diagram  for  three  E/p  or  elec- 
tron temperature  values  (0.78,  1.5,  and  3eV)  and  for  tj  ■ n /fa  = 10"‘.  The 
conditions  are  (l)  1 >A  in  order  for  the  sheath  to  be  collisionless,  a 

C S 

condition  already  discussed  in  Appendix  A,  (2)  2R  > A , (3)  A > 8, where  8 

is  the  gap  between  the  central  collecting  disc  and  the  surrounding  guard 

ring  if  a guarded  probe  is  used, and  (4)  1Q  > Rp«  Hie  dashed  curves  are  for 

a probe  of  radius  0.75  mm  without  a guard  ring, and  the  solid  curves  cure 

for  a probe  with  R = 2mm,  disc  radius  ■ r = 0.5  mm  .and  8 = 0.1  mm.  The 
P P 

Ag  s 8 curves  apply  only  to  the  latter,  whereas  the  Afl  = 1q  curves  apply 
to  both  types  of  probes. 
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— **  p (TORR) 


Figure  31.  Various  Limiting  Conditions  for  s Plane  Probe  in  Nitrogen  Shown 
on  a Vp  Versus  p Plot 
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The  first  condition  requires  operation  at  pressures  to  the  left  of 


the  A.  =1  curves.  The  second  condition,  A < 2R  , requires  V and  p 
so  * s p’  P 

values  below  the  indicated  curves.  This  condition  is  necessary  in  order 
for  the  edge  effects  of  the  plane  probe  to  be  negligible.  As  seen,  this 
is  more  difficult  to  satisfy  in  low  pressure  plasmas  for  a probe  without  a 


guard  ring  than  for  a probe  with  a guard  ring,  especially  if  the  probe  voltage 


is  varied  beyond  = 10  volts*  This  is  why  we  suggest  that  one  use  a 
plane  central  disc  with  a surrounding  guard  ring.  Hie  same  potential  is 


applied  to  eaoh,  but  only  the  current  to  the  inner  disc  is  analyzed.  The 
third  condition* A >8,  ensures  that  the  sheath  overlaps  the  gap  between 
the  central  collecting  disc  and  the  guard  ring  and  the  plasma  "sees"  no 
separation  between  the  two.  Operation  is  thus  necessary  between  the  Ag  = 2R^ 
and  the  A = 8 curves.  If  one  operates  to  the  right  of  the  A = 8 curves, 
the  guard  ring  is  inoperative  and  in  fact  superfluous.  Thu*  the  guard  ring 
is  unnecessary  in  high  pressure  plasmas.  The  fourth  condition,  lQ>Rp,  is 
necessary  in  order  that  the  distribution  function  and  its  components  at  the 
sheath  edge  be  unaffected  by  the  presence  of  the  probe.  When  lc<Rp,  the 
probe  introduces  a perturbation,  and  Sections  IV  and  V discuss  this  effect 


and  the  transition  to  the  quasi-collisional  regime  . For  a guarded  probe, 
this  requires  operation  at  pressures  below  0.07  - 0.1  torr, whereas  for  the 
unguarded  probe  one  can  work  below  0.2-  0.3  torr.  Thus  it  appears  that 
this  condition  is  one  of  the  more  severe  limitations  and  that  the  unguarded 
probe  has  a distinct  advantage  in  this  respect. 

In  the  next  seotlon,  we  provide  details  on  the  construction  of  the 
guarded  probe.  As  compared  to  the  unguarded  probe,  the  guarded  one  is  more 
dlffioult  to  f abrioate ,and  an  assembly  drawing  is  useful. 


2.  METHOD  USED  FOR  THE  FABRICATION  OF  THE  GUARD  RING  PROBE 

An  assembly  drawing  and  a photograph  are  shown  in  Figures  32  and  33 • 

This  probe  has  been  made  to  test  the  feasibility  of  the  design. 

The  center  of  the  probe  has  been  cut  with  a diamond  saw  from  a tungs- 

19 

ten  rod.  According  to  Medicus  , the  center  of  the  probe  and  the  guard 
ring  should  be  made  of  the  same  metal.  Molybdenum  rod  was  not  available; 
tungsten  has  been  substituted  as  only  the  mechanical  difficulties  of  the 
construction  were  to  be  tested. 

The  guard  ring  has  been  cut  from  molybdenum  foil.  Tantalum  has  been 
tried  and  rejected  because  it  deformed  too  easily  at  welding. 

The  ceramic  washer  has  been  cut  with  a diamond  saw  from  a ceramic  tube. 

The  ceramic  handle  is  made  of  a 10  cm  ceramic  tube  of  2*8  mm  O.D.  This 
tube  has  four  holes,  two  of  which  are  used  to  insulate  the  .010"  nickel 
connecting  wires. 

The  .010  nickel  connecting  wires  are  spot  welded  to  the  center  of  the 
probe  and  to  the  guard  ring.  The  four  holes  of  the  handle  have  been  plugged 
with  "T0RR  SEAL".  ECCOCERAM  SM-25  has  been  used  to  cover  the  back  side  of 
the  probe  and  to  secure  the  whole  assembly  to  the  ceramio  handle.  A thin 
ceramic  coat  of  SM-25  is  applied  to  the  edge  of  the  guard  ring. 

A slightly  different  version  based  on  the  above  model  has  been  con- 
structed at  ARL.  An  assembly  drawing  of  the  latter  is  shown  in  Figure  34. 

In  addition,  an  unguarded  probe  of  radius  0.75  nun  has  also  been  used  at  ARL. 

A major  problem  found  with  the  first  probe  is  the  lack  of  a definitive  break 
in  the  I-V  characteristic , which  is  required  to  identify  plasma  potential. 
Another  problem  found  with  both  probes  is  that  the  value  of  or  current 

density  in  their  particular  discharge  tube,  could  not  be  increased  sufficiently 
to  satisfy  both  the  conditions  that  1 > A and  R > A • 
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100  mm 
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APPENDIX  C 

COMPUTER  PROGRAMS  AND  USER  MANUALS 

1 . INTRODUCTION 

Two  computer  programs  are  presented  here  for  a plane  probe.  First 
we  provide  the  program  FTOJ  for  the  calculation  of  the  total  current  to 
the  probe.  It  also  gives,  if  desired,  the  electron  current  and  the  electron 
current  density  contributions  from  various  parts  of  the  electron  velocity 
distribution  function.  The  second  program,  JTOF,  performs  the  inverse 
operation  of  calculating  the  components  of  the  distribution  function  up 
to  the  second  order  of  anisotropy  from  tne  current  intercepted  by  a plane 
probe  for  five  orientations.  Both  programs  call  the  subroutines  SUMT  and 
SHEATH,  which  are  used  respectively, for  integration  and  for  evaluating  the 
sheath  thickness.  The  second  program  JTOF  calls  the  additional  subroutine 
DER  for  differentiation,  whioh  in  turn  calls  SE35  to  smoothen  the  differ- 
entiated data.  (Decks  of  all  these  programs  were  delivered  to  ARL.) 

Below  we  outline  the  above  programs.  Also , the  subroutines  are  dis- 
cussed, except  for  SE35, which  is  a standard  IBM  subroutine.  Printouts  of 
all  statements  in  both  complete  programs  are  given  at  the  end  in  subsection  6. 

2.  PROGRAM  FTOJ 
a.  Flow  Chart 

A flow  chart  for  this  program  is  given  in  Figure  35*  As  can  be  seen, 
the  input  instructions  determine  the  number  of  regions  for  which  the  total 
current  is  calculated,  ftiese  regions  are  the  electron  acceleration  region 
and  the  electron  retardation  region,  the  latter  based  on  exaot  theory 
(Sqa.  (149)  to  (152))  and  with  the  options  of  also  being  based  on  approximate 
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theory  for  V «V  (Eqs.  (153)  to  (155))  or  less  approximate  theory  with 
a p 

V = E = 0 (Eq.  (134)).  The  corresponding  outputs  are  named  "plane  exact", 

CL 

"plane  approximate", and  "plane  zero  EA". 
b.  User's  Manual 

The  procedures  for  the  operation  of  this  program  are  now  provided. 

The  following  set  of  input  data  is  required. 

(1)  NW  is  equal  to  one  or  aqy  other  integer.  If  NW  is  one,  a detailed 
printout  of  intermediate  and  final  data  is  written,  including  the  electron 
contributions;  if  it  is  not  equal  to  one,  then  only  certain  specialized  data 
and  results  are  printed. 

(2)  THETA  (degrees)  designates  the  orientation  of  the  normal  to  the 
probe  with  respect  to  the  electric  field,  if  results  for  a single  orientation 
are  sufficient.  In  order  to  rotate  the  probe  and  obtain  results  for  several 
orientations,  one  sets  THETA  >1000.0.  The  difference  THETA-1 000-0  is  equal 
to  the  angular  increment  IDEG  in  degrees.  The  minimum  permitted  value  of 
IDEG  is  0,1  degree.  The  program  starts  with  THETA  = 0. , performs  the  cal- 
culations f and  repeats  the  whole  process  with  THETA  = THETA  + IDEG  up  to 
THETA  > 180°.  For  example,  if  we  want  results  for  five  orientations  corres- 
ponding to  0°,  If 5°,  90°,  1 35°,  and  180°  (as  required  for  input  to  program 
JTOF),  we  assign  the  value  THETA  * I#lf5«#. 

(3)  VP#  (Volts)  designates  the  initial  probe  voltage. 

(4)  DELTAS  (Volts)  designates  the  increment  of  the  probe  voltage. 
Various  options  are  provided, depending  on  the  values  of  VP#  and  DELTA#. 

If  VP0  < 0,0,  only  the  retardation  region  between  VP#  and  zero  volts  is 
analyzed  with  increment  of  the  probe  voltage  equal  to  the  given  value  of 
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DELTA#.  If  VP#  is  between  zero  and  1 ###.#,  then  only  the  accelerating 

region  between  zero  and  VP#  is  analyzed  with  the  same  increment  DELTAIC. 

The  minimum  permissable  value  of  DELTA#  is  0,1  volts.  Program  FTOJ  allows 

for  a sweep  through  the  whole  range  of  negative  and  positive  probe  voltages 

by  setting  VP#  > 1000,0 . The  difference  YP0-1000.0  is  set  equal  to  the 

probe  voltage  increment  DELTAS,  overriding  the  previously  assigned  value. 

The  program  sets  the  maximum  probe  voltage  at  the  maximum  value  of  the 

tabulated  electron  energy  U(K) , or, if  a Maxwellian  distribution  is  selected, 

it  sets  it  at  ten  times  the  electron  temperature  T «VE,  in  eV.  The  probe 

voltage  varies  from  -U(K)  to  U(K)  or  from  -10  T to  10  T with  the  increment 

© 0 

VP0  - 1000.0.  However,  the  computer  usually  stops  before  the  most  positive 
potential  is  reached,  since  the  instructions  in  the  program  ensure  that, when 
two  consecutive  current  values  in  the  electron  acceleration  region  differ  by 
less  than  10’3$,  no  more  calculations  are  done  for  this  region.  As  an 
example,  if  150  (determined  by  K in  (ll)  below)  electron  energy  values  diff- 
ering by  0.1  volts  are  given,  one  sets  VP0  = 1000.1  and  DELTA#  = 0.1 , which 
will  give  a complete  sweep,  in  0.1  volt  steps,  starting  from  -15.0  volts 
through  zero  and  into  the  positive  voltage  region. 

(5)  BA  (V/cm)  designates  the  external  discharge  electric  field. 

(6)  P (torr)  designates  the  neutral  gas  pressure. 

(7)  EAP  (V/cm-torr)  designates  R/P. 

Here  we  provide  the  option  of  assigning  a value  either  to  EA  or  to  EAP, 
besides  requiring  a value  for  P.  That  is,  the  computer  calculates  EA  if  it 
is  initially  equated  to  zero  and  if  P and  EAP  are  given.  Similarly,  EAP  is 
calculated  if  it  is  initially  equated  to  zero  and  if  P and  EA  are  given. 
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(8)  XNE  designates  the  electron  density  in  cm"3,  but, if  XNE  is  be- 
tween zero  and  one,  it  is  interpreted  as  the  ratio  of  electron  to  neutral 


density,  T),  instead  of  simply  the  electron  density.  In  that  case,  the 
electron  density  is  evaluated  from  T},  p,and  TI  (see  (9))  below,and  XNE  is 
redefined  as  the  electron  density.  Furthermore,  if  XNE  is  between  zero  and 
one,  the  positive  ion  densities,  XPI  (see  (l5)below)  , and  negative  ion 
densities,  XNI  (see  (l6)below)  , are  also  interpreted  as  their  ratios  to 
neutral  density. 

(9)  TI  (°K)  designates  the  gas  or  ion  temperature,  T . 

o 

(10)  A (mma)  designates  the  area  of  the  collecting  part  of  the  plane 
probe . If  A = 0.0,  the  program  stops  its  execution.  This  option  is  provided 
to  allow  for  possible  extensions  of  the  program  to  other  geometries. 

(11)  K designates  the  number  of  values  of  the  tabulated  distribution 
function,  f,  if  it  i3  non-Maxwellian.  K must  be  sufficiently  less  than  250 
(say  2k0  as  a maximum)  to  allow  for  the  sum  of  positive  and  negative  voltage 
values  to  be  less  than  or  equal  to  250.  In  order  to  insert  a Maxwellian 
distribution  function,  one  assigns  a value  of  K > 1000,  such  that  the  elec- 
tron temperature  in  eV  is  equal  to  VE  = FLOAT  (K - 1000)/l0.  In  this  case, 
the  program  sets  the  first  and  second  orders  of  anisotropy  in  f equal  to 
aero  and  tabulates  a Maxwellian  form  for  fQ,  so  that  it  is  not  necessary  to 
read  in  fQ.  This  option  is  seldom  used  (except  for  testing),  since  we  are 

'aally  interested  in  a tabulated  anisotropic  f • 

(,2)  ltt£  la  equal  to  zero  or  is  nonzero.  If  NAZ  = 0,  only  the  "plane 
-a*  . • <-»•,  • . • r ■ nm  retardation  region  are  calculated.  If  NAZ  is  non- 
..  •jii.r*  %( i ' iieite*  end  "plane  imro  KA"  results  are  also 


(13)  NP  designates  the  number  of  positive  ion  species.  The  value 
of  NP  must  be  less  than  or  equal  to  five  since  up  to  five  species  only 
are  allowed. 

(14)  NN  designates  the  number  of  negative  ion  species  and  one  must 
have  NN<  5. 

(•15)  XPl(l)  values  designate  the  positive  ion  densities  (in  cm  3) 
multiplied  by  their  respective  ion  charge  numbers,  but, if  ft.  < XNE<  1.,  then 
XPl(l)  values  designate  the  ratios  of  the  above  to  neutral  density.  Up  to 
five  values  of  XPl(l)  are  allowed. 

(16)  XNl(l)  values  designate  the  negative  ion  densities  (in  cm-3) 
multiplied  by  their  respective  charge  numbers,  and  input  values  for  these 
quantities  are  needed  only  if  NN  is  nonsero.  Also,  if  ft.  < INK  < 1.,  then 
XNl(l)  values  designate  the  ratios  of  negative  ion  densities  multiplied  by 
respective  charge  numbers  to  the  neutral  density.  Up  to  five  values  of  XNl(l) 
are  allowed.  If  NN  = 0,  no  input  card  is  needed  for  XNl(l). 

(17)  XMl(l)  values  in  atomic  mass  units  designate  the  ion  masses,  start- 
ing from  the  positive  ion  species  and  following  with  the  negative  ion  species. 
Up  to  ten  values  of  XMl(l)  are  allowed. 

(18)  U(l)  and  ?(l,j). 

If  the  electron  energy  function  is  non-Maxwell ian  and  given  in  tabulated 
form,  the  input  requires  data  for  U(l)  and  for  P(l,l),  ?(l,2), and  F(I,3). 

Here  U(l),  in  eV,  represents  the  electron  energy,  and , for  each  U(l),  there 
are  corresponding  values  of  the  zeroth,  first,  and  second  order  of  anisotropy 
of  the  electron  distribution  function,  namely, P(l,1 ) , P(l,2),and  F(l,3), res- 
pectively. The  maximum  value  of  I is  K.  The  zeroth  order  F(l,l)  is  normal- 
ized as  in  Kq.  (315),and  the  other  two  components  are  normalized  with  respect 


169 


to  it.  The  convention  for  F(l,2)  in  the  input  is  that  it  represent  f^ 
in  the  cathode  to  anode  direction,  so  that  it  is  generally  positive.  The 
computer  program  alters  it3  sign  to  correspond  to  our  previous  convention 
in  our  equations  that  the  positive  direction  be  from  the  anode  to  the  cathode. 

The  output  I-V  characteristics  are  printed  with  the  currents  in  amps 
and  the  voltage  in  volts.  In  addition,  if  VP0  > 1000.fi  and  if  THETA  = 104-5*0 
or  IDEG  = A5°,  then  five  I-V  characteristics  for  the  five  orientations  0°, 

A5°,  90°,  135°,  and  180°  are  printed  and  in  addition  punched  onto  cards  for 
use  as  input  data  in  the  program  JTOF.  Three  seta  of  cards  are  punched 
with  respective  significant  digits  in  the  current  equal  to  5,  A, and  3» 

This  allows  us  to  check  on  the  sensitivity  of  the  output  of  program  JTOF 
to  the  accuracy  of  its  input  data.  The  present  program  FTOJ  also  punches 
out  additional  cards  for  use  in  program  JTOF,  namely, (l)  KA  and  P,  (2)  A, 

(3)  KK  (the  number  of  cards  with  negative  voltage  values),  LK  (with  zero  plus 
positive  voltage  ),and  MI  (equal  to  zero  when  the  total  current  is  calcul- 
ated), and  (A)  TI. 

c.  Symbols 

A list  of  symbols  is  now  provided. 

A : area  of  the  plane  probe 

ARG  : (Vp-V*)ATg 

COSA  : (3  cos2  0-1  )/2 

DELTA0  : increment  of  the  probe  potential 

E t magnitude  of  the  electron  charge  (e) 

EA  : discharge  electric  field  (E) 

KAN  : E/il, ratio  of  electric  field  to  neutral  density  in 

V-cm2 
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EAP 

EPS0 


: EA>,  ratio  of  electric  field  to  pressure  in 
V/cm-torr 

: permittivity  of  free  space  (eQ) 


F(I,J) 

G 


: electron  velocity  distribution  function  corresponding 
to  fQ,  f and  fgzz  ?or  J = 1 ,2  and  3 respectively 

: non-integrand  part  in  the  current  density  equations 


I 


: running  variable 


IDEG 


: angular  increment 


IDELTA 


: integer  increment  probe  voltage 


IP 


: parameter  used  to  write  40  output  lines  per  page 


ITEM 


rvp 


J 

JA 

K 

KK 

KN 

KP1 

L 

LK 

Vfi 

LI 


: parameter  used  for  passing  from  one  treatment  to 
another:  ITEM  = 1 for  "plane  exact";  ITEM  =2  for 
"plane  approximate";  ITEM  =3  for  "plane  zero  EA" 

: integer  equal  to  one  less  than  the  designation  of 
the  largest  voltage  point  for  which  the  current  is 
calculated 

: running  variable 

: variable  used  for  designating  currents  evaluated  for 
different  orientations 

: number  of  energy  values  U(l) 

: number  of  energy  values  initially;  towards  end  it 
is  changed  to  the  number  of  negative  voltage  values 
in  the  calculated  data 

: K - N + 1 , a running  variable 

: KK+  1 

: running  variable 

: number  of  voltage  values  including  zero  and  positive 
values  in  the  calculated  data 

: LI-1,  lower  limit  of  integration  in  subroutine  SU1CT 

: integer  designating  the  point  after  the  lower  limit 
of  integration  in  subroutine  SUMT 
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MI 

Ml 

M2 

N 

NAZ 

NK 

NM 

NN 

NP 

NT 

NVP 

NW 

N2 

P 

PI 

PRE0(l),  PREl(l), 
FRB2(l) 

FRN0,  PRN1 , HIN2 
PRZ0,  FRZ 1,  PRZ2 
STP 

SUM 

THETA 

TI 


: equal  to  zero  -when  the  total  current  values  are  used 
as  input  in  program  JTOP 

: equal  to  one 

: K-1 

: running  variable 

: equal  to  one  if  only  "plane  exact"  results  are  needed; 
nonzero  if  "plane  approximate"  and  "plane  zero  EA,( 
results  are  also  desired 

: mainly  used  for  KK+  LK,  or  toted  number  of  voltage 
points  (negative,  zero  and  positive) 

: manning  variable 

: number  of  negative  ions 

: number  of  positive  ions 

; NP  + NN 

s K-IVP 

: equal  to  one  if  a detailed  printout  is  desired;  not 
equal  to  one  if  only  specialized  output  data  is  wanted 

: equal  to  2 

: neutral  gas  pressure  (p) 

s ir=  3.1M59 


s integrand  of  "plane  retarding  exact"  for  the  zeroth, 
first, and  second  order  of  anisotropy, respectively 

: as  above  for  "plane  retarding  approximate" 

: as  above  for  "plane  retarding  zero  EA" 

: parameter  equal  to  the  inverse  of  the  difference  be- 
tween two  values  of  the  tabulated  electron  energy 

: value  of  the  integral  calculated  by  subroutine  SUMT 

: angular  orientation  of  the  probe  if  THETA  < 1 

: ion  temperature  (T^) 
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TTA 

U(I) 

UP 

VAST 

VE 

VEF 

VE1 

VI 

VP 

VP0 

VRAT 

XA 

XE 

XF(I) 

TX0 

XI(KN,JA) 

XIE 

XIN 

XIP 

XIT 

XJE 


: angular  orientation  of  the  probe  (0) 
s electron  energy  in  eV 


! drop  of  the  discharge  electric  field  across  the 

sheath  (V*) 
a 

: electron  temperature  (V  ) in  eV 

0 


effective  potential  drop  across  the  sheath  (V  -V*) 
in  eV  p a 


: the  average  electron  energy  (V  . ) in  eV  given  in 
Eq.  (278)  01 


: ion  energy  in  eV  at  the  sheath  edge  given  by  Eq.(280) 
: probe  potential  (V^)  in  volts 
: initial  probe  potential 


T^A1 


g 


: current  in  elec-cron  attraction  region  in  initial 
approximation 


: electron  contribution  to  the  current  in  the  eloctron 
attraction  region 


: function  to  be  Integrated  by  subroutine  SU1CT  or  far 
use  in  subroutine  SHEAUi 


: value  of  XP  when  its  argument  is  zero 

: XIT,  or  total  current  arrays  for  five  orientations  of 
the  probe 

: electron  contribution  to  the  current  in  the  electron 
retardation  region 

: negative  ion  contribution  to  the  current  in  the  elec- 
tron retardation  region 

: positive  ion  contribution  to  the  current  in  the  electron 
retardation  region 

: total  current  intercepted  by  the  probe 

: electron  current  density  in  the  electron  retardation 
region 


XJ0(KN) 

XJi(KN) 

XJ2(KN) 

XK 0 
XK1 

XLMDAD 

XLMDAS(l) 

XME 

XMI(I) 

Tllfl 

XN 

XNE 

XNl(l) 

XHT 

XP 

XPI(I) 

xpr 

XVAST  (KN) 
YP(I) 

ZNB 

ZNI(I) 

ZPI(I) 


: contribution  to  XJE  arising  from  fQ 

: contribution  to  XJE  arising  from  f . 

1 z 

: contribution  to  XJE  arising  from  fg 
: constant  (K  ) 

: normalization  constant  for  the  distribution  functions 

: Debye  length  (X^) 

s sheath  thickness  (X  ) 

s 

: electron  mass  (m) 

: ion  masses 
: atomic  mass  unit 

: negative  ion  contribution  ts>  the  current  in  the  elec- 
tron attraction  region 

: electron  density  (n  ) 

0 

: negative  ion  density  multiplied  by  the  charge  number 
: stun  of  XNl(l)  over  all  species 

: positive  ion  contribution  to  the  current  in  the  elec- 
tron attraction  region 

: positive  ion  density  multiplied  by  the  charge  number 

: stun  of  XPl(l)  over  all  speoies 

; V*  array  for  different  V or  X 
a p s 

: function  to  be  integrated  by  subroutine  SUVT 
s XNE  in  cm-3 
: XNl(l)  in  cm"3 
* XPI(I)  in  cm"3 

t sum  of  ZPl(l)  over  all  speoies 
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ZPT 


3.  PROGRAM  JTOP 
a.  Flow  Chart 

Figure  36  presents  the  flow  chart  for  this  program.  Three  sets  of  the 
components  of  the  distribution  function  are  deduced tbased  on  three  different 
approximations,  namely, Eqs.  (246)  to  (248),  Eqs.  (252)  to  (254),  and  Eqs. 
(255)  to  (257),  respectively.  These  outputs  are  designated  in  the  formula- 
tion by  EA>  1CTir  , 10"2O>  EA>  1C T17f  and  EA  = 0.  The  first  two  outputs 
require  I-V  input  characteristics  for  five  orientations  of  the  plane  probe. 
For  the  last  output,  input  results  for  three  orientations  of  the  probe  are 
sufficient. 

The  program  calculates  a first  approximation  f^  for  the  zeroth  order 
of  the  distribution  function,  fQ.  This  approximation  is  used  to  calculate 
the  electron  energy  averages  V , V ^ , the  sheath  thickness,  As,  and  the 
electron  density,  n^.  A second  approximation  for  f ^ is  then  evaluated  from 
Eqs.  (241)  to  (251).  This  is  compared  to  fQ1  by  evaluating  the  parameter 
ACCIJ  defined  as 

00  t i 00  1 

ACCB.  I {[^V-VVTV}  "p/  / f°(VTP  OTP 

o 

0 

If  ACCU  is  less  than  10~4,  f is  an  acceptable  approximation.  Otherwise, 
f ^ is  redefined  equal  to  the  second  approximation,  fQ,  and  the  procedure 
is  reiterated  until  ACCU  is  less  than  1 CT*  or  until  the  lOO^1  approximation 
for  fQ  is  obtained.  Usually  less  than  ten  iterations  are  sufficient  for 
convergence. 
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II 
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b.  User's  Manual 

The  following  set  of  input  data  is  required  to  start  the  calculations: 

(1)  NW  is  equal  to  one  or  any  other  integer.  If  NW  is  one,  a detailed 
printout  of  intermediate  and  final  data  is  written;  otherwise,  only  special- 
ized data  and  results  are  printed. 

(2)  EA  (V/cm)  designates  the  external  discharge  electric  field,  and  it 
can  be  zero  or  greater  them  1 CT 1 7 . If  EA=0.,  three  3ets  of  data,  namely, 

XJ(I,1),  XJ(l,3),  and  XJ(l,5),  for  orientations  0 = 0°,  90°,  and  180°,  are 
sufficient  in  the  input  data, and  one  printout  is  given.  If  a value  of  EA>  ICT'7 
is  assigned,  three  printouts  are  produced  for  three  degrees  of  approximation 

as  mentioned  above, and  data  values  for  all  five  orientations  of  the  probe 
are  required. 

(3)  P(torr)  designates  the  neutral  gas  pressure. 

(4)  A (mu* ) designates  the  area  of  the  plane  probe.  However,  if  A is 

set  equal  to  zero,  the  program  interprets  the  input  Ws  as  being  current 
densities  rather  than  currents.  If  A is  greater  than  zero,  the  XJ's  are 
aotual  input  ourrents, whioh  ore  then  divided  by  A to  ohange  them  to  ourrent 
densities. 

(5)  K designates  the  number  of  values  of  the  tabulated  current  corres- 
ponding to  negative  voltages. 

(6)  L designates  the  number  of  values  of  the  tabulated  ourrent  corres- 
ponding to  zero  plus  positive  voltage.  (L  may  be  zero  in  the  present  program.) 

(7)  MI  is  equal  to  zero  or  is  nonzero.  If  MI  is  nonzero,  the  program 

interprets  VP(l)  as  the  magnitudes  of  voltage  points  covering  the  negative 

range  only,  where  TP  equal  to  zero  represents  plasma  potential,  and  the  first  point 
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being  the  voltage  increment  beyond  zero.  Corresponding  to  these  VP  values, 
the  XJ's  are  the  magnitudes  of  the  currents  (or  current  densities  if  A - 0.) 
due  to  the  electrons  only.  If  MI  is  equal  to  zero,  the  VP(l)  values  contain 
their  sign  and  run  over  the  range  from  most  negative  to  positive  in  which  VP 
equal  to  zero  represents  plasma  potential.  (The  points  VP  > 0,  may  be  omitted  by 
setting  L=0. ) Also, the  values  of  XJ  contain  their  sign  and  include  the 
ion  contribution.  The  ion  contribution  is  automatically  subtracted  from  the 
XJfs,  which  are  thereafter  considered  as  electron  currents  (or  current  den- 
sities if  A = 0.),  Presently,  the  read  input  data  are  based  on  Id  = 0. 

(8)  TI  (°K)  designates  the  gas  temperature. 

(9)  RMTED  designates  the  ratio  of  the  sum  of  negative  ion  density 
multiplied  by  charge  number  to  the  electron  density. 

(10)  VP(l)  in  eV  designates  the  set  of  equispaced  voltage  values. 

(See  also  (7)  above.) 

(11)  XJ(I,J)  values  designate  the  sets  of  currents  in  amps  (or  current 
densities  in  amps/tf  if  A=0.)  with  J=1  to  5, corresponding  to  6 = 0°,  45°, 

90°,  135°  and  180°  and  0 = 0°  is  the  anode  to  cathode  direction.  (See  also 
(7)  above.) 


c.  Symbols 

The  meaning  of  the  various  symbols  is  explained  below. 

A : area  of  the  plane  probe 

ACCU  : parameter  used  in  the  test  of  accuraoy  of  f 

B^(l) ,B1  (i) ,B2(l)  s mainly  used  for  functions  obtained  from  current 

densities  (Bq,  B1 , B2  in  Eqs.  (241 ) to  (243)) 

DB0(l),  DB1  (i)  s mainly  used  for  B^,  B.J  (see  footnote*) 


The  prime  denotes  the  derivative  with  respeot  to  V^. 
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DDJ1 (i) 

DERl(l),DER2(l) 


D J 1 ( I ) , DJ2(I) 

DV 

DVP 


: first  and  second  derivative  of  the  function  given  in 
the  output  of  subroutine  DER.  (At  the  end  of  the  pro- 
gram, these  symbols  are  also  used  for  B,  and  B.  in 
Eqs.  (244)  and  (245).)  5 4 

s J’,  J), 

: voltage  point  just  beyond  the  most  positive  input  value 
: voltage  difference  between  points 


D2B(I) 

D2J2(l) 

E 


W 


t 


: 

s electron  charge  (e) 


EA 

* 

discharge  electric  field  (E) 

EPS0 

! 

permittivity  of  free  space  (eQ) 

FEJ2f(l)  ,FE1  (i)  , 
FE2(l) 

* 

exact  values  of  f , f^  and  f^  deduced  from  the  Boltz- 
mann equation.  TRese  zfunctioRs  are  not  used  in  the 
present  program  but  can  be  incorporated  to  evaluate  their 
respective  derivations  from  values  deduced  by  this  program. 

F0(I) 

zeroth  component  of  the  electron  distribution  function  (fQ) 

F0to(l) 

normalized  value  of  f 

0 

F01  (I) 

first  approximation  to  fQ,  namely  f^ 

FI  (I),  F2(I) 

first  and  second  components  of  the  electron  distribution 
function 

F1N(l),  F2N(I) 

• 

• 

their  normalized  values 

I 

i 

running  variable 

IA 

IP 

J 

K 

L 


: number  of  passes  in  the  test  of  acouracy 

: parameter  used  to  write  50  lines  per  page 

: runring  variable  for  orientation  of  the  probe 

s number  of  values  of  the  tabulated  current  for  negative 
voltages 

: number  of  values  of  the  tabulated  current  for  zero  plus 
positive  voltages 
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M 


: K-1 


MI 

N 

NW 

P 

PI 

RNTED 

S&MA 

SJ2(I) 

SUM 

TI 

VE 

VE1 

VI 


: equal  to  zero  if  actual  current  values  are  read  in; 
nonzero  if  electron  current  densities  are  read  in 

: running  variable 

: equal  to  one  if  a detailed  printout  is  desired;  not 
equal  to  one  if  only  specialized  output  is  wanted 

: neutral  gas  pressure  (p) 

: tt  = 3.14159 

: ratio  of  summed  negative  ion  densities  (times  respec- 
tive charge  numbers)  to  electron  density 


: parameter  used  in  the  test  of  accuracy,  equivalent  to 
a rms  difference  between  two  successive  approximations 
to  f 

0 

: fu2(vp)A/’]avp 

P 

: integrated  result  given  by  the  output  value  in  sub- 
routine SUMP 


: neutral  gas  or  ion  temperature  (T  ) 

D 

: electron  temperature  (V  ) in  eV 


: the  average  electron  energy  (V  ) in  eV  given  in 
Eq.  (278)  61 


: ion  energy  in  eV  at  the  sheath  edge  given  by  Eq.  (280) 


VRAT 

VP(I) 

W(I),  XG(I), 
XH(l),  XH0 


: V ,/kT 
er  g 

: probe  voltage  (V^);  also  used  for  electron  energy  points 

: functions  used  as  inputs  to  subroutines  DER  and  SUMP; 
XH0  is  the  zero  energy  value  of  the  function  XH 


Xj(l,j)  : magnitude  of  the  electron  current  for  5 orientations, 

J=1  to  5»  namely  0 = 0°,  4 5 , 90  , 1 35  and  180  res- 
pectively 

XJ0(I),XJ1(I),  ; i , J.,  i (in  Eqs.  (246)  to(248)  and  (252)  to  (257)) 

XJ2(l) 
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parameter  used  in  the  test  of  accuracy  equivalent  to 
a normalization  constant  for  f 

o 

constant  (Kq) 

normalization  constant  for  the  distribution  func- 
tions 


XLMDAD 


XLMDAS(l) 


Debye  length  (X^) 
sheath  thickness  (X  ) 

3 

electron  mass  (m) 
electron  density  (n  ) 

sum  over  species  of  negative  ion  density  times  charge 
number 

siim  over  species  of  positive  ion  density  times  charge 
number 

V drop  of  the  discharge  eleotrio  field  across  the 
sheath 


4.  SUBROUTINE  SHEATH 
a.  Plow  Chart 

This  subroutine  calculates  an  array  of  values  of  the  sheath  thickness 
XLMDAS(l),  for  a whole  set  of  voltages  equal  to  all  the  tabulated  electron 
energies  U(l).  A flow  chart  is  given  in  Figure  37 • ttie  relations  used  in 
calculating  X are  given  in  Eqs.  (286)  to  (288).  The  meaning  of  the  input 
data  required  by  the  CAUi  statement  is  explained  in  the  list  of  symbols  below. 


b.  Symbols 


A list  of  symbols  appearing  in  this  subroutine  is  given  below. 
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SUBROUTINE 

SHEATH 


Dimensions 


Calculate  XNN, 
VI,  XLMDAD 


Calculate  ion  terms, 
VN  in  numerator  and 
VD  in  denominator 


Calculate  integrand 
for  first  electron 


Calculate  integrand 
for  second  electron 
teim  in  numerator 


Calculate  SUM  of 
electron  contributions 
in  numerator 


L 


Combine  electron  and 
ion  contributions  and 
calculate  XLMDAS(N) 


Figure  37.  Flow  Chart  for  Subroutine  SHEATH 
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■ CTAi 

• ts(vp*  VA.il1 

■ ("Ai'* 

: running  variable 
t N 

s number  of  data  points  of  U(l) 

: equal  to  one 
s N + 1 
: N-  1 
s K-  1 

: running  variable  from  1 to  K 
V 

: (d/dV  ) /p  ndV/n  (see  Eq.  (287)) 

y P0  ° +» 

: nedv/(n+sve1 ) (see  E<1*  C28^)) 

o 


SUMA,  SUMB 

s respective  first  and  second  part  of  the  integral 
given  in  Eq.  (286)  without  the  constant  in  front 

SUMC 

: integral  given  in  Eq.  (287)  without  the  oonstant 
in  front 

U(I) 

t array  of  eleotron  energy  values 

V 

‘ VP 

VD 

: [VVVl* 

VI 

s eleotron  temperature  (V  ) in  eV  (not  used) 

VB1 

: averaged  eleotron  energy  (V  . ) in  eV  given  in 

Eq.  (278) 

VI 

: ion  energy  in  eV  at  the  sheath  edge 

A 

B 

C 

I 

IV 

K 

L 

Id 

M 

M2 

N 

SAM 

SUM 
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f 


VN 

VRAT 

VI 

XP(I) 

XFft 

XXI 

XLMDA 

XLMDAD 

XLMDAS(I) 

XNE 

XNN 

XPT 

Z(I) 


• [’2[T1(T1*Tp)]i-2T1J/T.i 

: ratio  of  Ve1  to  gaa  temperature  in  eV 
1 OTiA„ 

: array  of  f values  for  each  energy  value 
: value  of  integrand  at  the  lower  limit 

• normalizing  constant  for  the  distribution  function 

s (e„T,, (•••  *«.  (289)) 

t sheath  thickness  (A.  ) 

B 

: electron  density 

i [n_8kT_/(n+sV0l)]  (see  Eq.  (288)) 

s sum  over  species  of  positive  ion  density  times 
charge  number 

: function  to  be  integrated  by  subroutine  SUMT 


5.  SUBROUTINES  SUVT  AND  DER 
a.  General  Outline 

Subroutines  SUlfT  and  DER  perform, respectively ^ the  integration  and  the  diff- 
erentiation of  an  input  tabulated  function  f(x)  *dth  respect  to  the  input 
variable  x. 

In  both  subroutines,  the  functional  behaviour  of  function  f around 
a certain  point  x is  approximated  by  a parabola, 

f(x)  * O^X*  - OjjX  + c j 


185 


from  which  the  first  and  second  derivatives  can  be  calculated  as 


f'(x)  = 2o^x-  c2 
f(x)  = 2c  1 


and  the  integral  from  a to  b as 
b Jb 

jf(x)ix  = )^  [3  c^Ax)3-!  o2(Ax)2  + c3(Ax) 

a x=a+Ax 

where  Ax  i3  the  difference  between  two  successive  values  of  x.  The  evalua- 
tion of  parameters  c^ , c2>and  c^  are  made  from  three  successive  points, 
namely, x^ , x^,  Xy  and  the  three  corresponding  values  of  f(x),  namely, f (x1 ) , 
?(x2),and 


where 


°1  = a1  + a2+a3 

o2  = (x2+  x^)a^  + (x.,  + x3)a2+  (x1  + x2)a3 
c3  = f(x2)  + (o2“cix2^x2 

*(*,,) 

ai  = (X2"X1^X3"  V 

f(*2) 

a2 = c*2-x1n*2-*3) 

f(x,) 

a3  = (x^- x^){x^~  *2) 


Prom  these  definitions,  one  can  see  that  the  relation  f (x) * o^x*  - CgX+  c3  is 
i.«*eed  satisfied  for  all  three  points  and  in  particular  for  the  point  Xy 
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b.  Subroutine  SUlfT 


This  subroutine  Integrates  XF(U)  from  U(LI-l)  to  U(L2+l)  and  the  value 
of  the  Integral  is  SUM.  A flow  chart  is  given  in  Figure  38. 

We  first  integrate  from  L ® LI  - 1 to  LI  using  point  LI  + 1 , then  from 
LI  to  LI+1  using  point  LI+  2,  etc., until  the  next  to  final  interval  L2-1 
to  L2  using  point  L2  + 1 . The  final  interval  L2  to  L2  + 1 is  obtained  by  using 
the  same  c1 , c^ ,and  c^  constants  as  in  the  interval  L2-1  to  L2. 

The  subroutine  also  allows  for  special  cases  of  LI  and  L2, such  as  0 
or  1 or  2 values  or  differences  between  LI  and  L2  of  0 or  1 or  2* 

The  input  data  values  required  by  the  CALL  statement  are  contained  in 
the  list  of  symbols  given  below.  The  following  symbols  appear  in  this  sub- 
routine • 


A1,A2,A3 

: 

parameters  (a1 , *2,  a?) 

C1,C2,C3 

e 

e 

parameters  (o^ , 0^,  c^) 

L 

e 

• 

running  variable 

LA 

e 

• 

L2  + 1 , designated  upper  limit  of  integration 

LB 

e 

• 

L2+  2 

LI 

e 

e 

second  designated  x- point  after  lower  limit 
of  integration 

LI 

e 

• 

« LI  initially 

L2 

e 

• 

designated  x-point  before  upper  limit  of 
integration 

SUM 

: 

integral  of  the  input  function 

SUM2 

X 

integral  of  last  interval  L2  to  L2+  1 

0(1) 

X 

the  tabulated  x-argument  values  in  eV 

xr(i) 

X 

the  tabulated  function,  f(x),  values 
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XF0  : value  of  XF  for  U = 0 or  LI  = 1 , viz.,f(x=0),  if 

integration  starts  from  x equal  to  zero 

XF1 , XF2,  XF3  : three  successive  values  of  the  input  function 

XI,  X2,  X3  : three  successive  values  of  the  input  variable 

c . Subroutine  DKR 

This  subroutine  differentiates  a function  YF(VP)  having  K equispaced 

points  of  VP,  starting  from  K*  1 to  K = K.  If  IJ  = 1,  the  output  yields  only 

the  first  derivative  values  DERl(VP),  whereas, if  IJ=2,  the  second  derviative 

values  DER2(VP)  are  also  calculated.  In  the  process  of  calculating  DERI , 

subroutine  SE35  is  called  to  smoothen  the  differentiated  data.  It  is  again 

called  for  the  calculation  of  DER2.  Sometimes  no  smoothing  is  desired, as 

in  the  calculation  of  f • Then  one  sets  IJ  = 4, and  both  DERI  and  DER2  are 

o 

calculated  without  calling  SE35»  A flow  chart  of  this  subroutine  is  given 
in  Figure  39. 

The  methods  used  in  calculating  the  derivatives  are  now  explained.  If 
Ax  = VFD  is  the  difference  between  equispaced  x = VP  points,  then  the  equations 
in  part  (a)  of  this  subsection  reduce  to 

Cl  = [f  (*., ) “ 2f(*2)  + f (*j)]/2(Ax)* 

«2  * t f (xi ) “ f (*3)1/2A*  + t * (*., ) ’ 2f  (x2)  + f (XjJJXg/CAx)* 
f'(Xl)  = Ro^Xg -Ax)-  o2  = [-3f(x1)  + 2*f(x2)-f(x3)]/2Ax 

* 2o1Xi“°2  ” tf(xi+1)"f(xi-i^/2Ax  C1  > 2) 

This  we  call  method  1 • 

If  instead  of  points  x^  x2,and  Xy  we  ohoose  points  x<) , x^pnA.  x^  for 
differentiation,  then  we  have  to  change  Ax  to  2Ax  and  subscripts  2 and  3 to 
3 and  5.-  We  find 

i 

I 
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f'Cx.j)  = 2c1(x3-  2Ax)-c2=  [-3f(x1)  + i*i‘(x3)-f(x5)]AAx 
f'(x2)  = 2c1(x3-Ax)-o2=[f(x3)-f(x1)]/2Ax 

f'(x4)  = 2c1xi_c2  = Cf  (*i+2) " f C1  > 3) 

= 2c1(x3+  Ax)-o2=  [f  (x5)  - f (x3)]/2Ax 

This  is  named  method  2»  For  the  first  three  initial  points  we  use  method  1 
if  the  derivative  is  rapidly  varying  and  method  2 if  it  varies  slowly. 

Consider  point  x^  and  its  derivative  using  three  triplets,  namely, 

(a)  points  x^2,  xlfand  x±+2,  (b)  x±_y  x^  ,and  x±+i  and  (c)  x^,  x±+1  , 
and  x^+3«  Then  one  can  obtain  some  "smoothing"  by  averaging  the  three  values 
of  f ' (x^) j thus, 

f 1 ' <xi>  • 5E  [f (xi+2}“f (xi-2)+2f (xi+1  }'2f  1 (xi-1  )+2f(xi+1  )-2f(xi-i >] 

*[f(xi+2)+4i*(x1+1)  -^(xi_1)-f(xi_2)J/ 12AX 

We  use  this  third  method  for  3 < i < K-6  when  f'(x)  varies  slowly.  When  f'(x) 

varies  rapidly, we  use  a fourth  method,  namely, the  5 point  method  given  in 

50 

Abramowitz  and  Stegun  , which  yields 

“ ) + 2f(x1_2)]/24Ax 

For  the  points  K-5  to  K-2  inclusive,  we  use  the  previous  method  2. 
Finally,  for  K-1  and  K,  we  adopt  a straight  line  extension  of  f(x)  through 
points  K-3  to  K+2  so  that 

^ * 2f^*K-1  ^ ■ t^XK-^ 

*"4  ■ (f(lK-1)  - f(lIC-3>1/2Al 

Similarly,  f'O^)  “ "f(*K-2^/^X 
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After  the  values  of  the  first  derlvat-'  are  obtained,  these  tire  then 
used  as  the  data  to  redo  the  calculation  for  the  second  derivative.  The 
output  yields  the  first  derivative  DERI  and,  if  asked  for,  the  second  deri- 
vative DER2.  The  input  data  values  required  by  the  CALL  statement  are  ex- 
plained below  in  the  list  of  symbols. 

Many  different  versions  were  tried  for  this  subroutine , and  the  one 
given  here  was  found  thus  far  to  be  the  best. 

We  list  below  the  symbols  appearing  in  this  subroutine. 

AP,  KP  : the  derivatives  at  two  consecutive  points  which 

are  compared  to  see  how  quickly  the  derivative 
is  varying 

DA(L)  : the  derivative  value  at  a given  point 

DERI (i)  s the  first  derivative  set  of  values  of  the  input 

function 

DER2(l)  : the  second  derivative  set  of  values  of  the  input 

function 

I • : running  variable 

IJ  : equal  to  one  if  only  DERI  is  required;  equal  to 

two  if  DER2  is  also  required;  equal  to  four  if 
both  derivatives  are  wanted  with  no  smoothing 

IT  : = IJ  initially 

K : number  of  data  points  for  differentiation 

KMU  : K-2 

KM5  i K-5 

KM6  s K-6 

L s running  variable 

VP(l)  t values  of  the  tabulated  x points  in  eV 
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6.  PRINTOUT  OF  THE  COMPLETE  PROGRAMS 
a.  Program  FTOJ  and  its  Subroutines 


5 


lo 


15 


20 


25 


30 


35 


*0 


45 


SO 


55 


program  ftoj  (Input, output, tapes, tape6,tapf7> 

DIMENSION  U(?50) ,F (250.3) . XLMUAS ( 250 ) , xF ( 250 ) , * I ( 2*0 ,5 ) , 

CXVAST (250) *PRE0 (2501 ,PRE1 (250 ) . PRE2 ( 250 ) ,VF (250) , 

C)TJOT«OV,X  JlT2?omr^(250)  ,XNI  (»)  ,XPI  (51 , XHI  ( I 0T,TmTT5T , 7? t (5) 

READ(6,10»>  NW 
108  FORMATlIU 

RE AO <5, 10) THETA,VPO»DELTAo,£AiP*EAP»XNE, TI,*,K,N*7.NP,NN 
10  FORMAT)  3Fb.l/3F7.2/E9.3,F7.1/?b.3/*I*) 
kk»k 
NK*K 

IF (nP.GT .5)  GO  TO  141 
NT»NP*NN 

RF  AD (5,7)  ( XPI  ( I ) , 1*1 ,NP ) 

IF(NN.EQ.O)  GO  TO  25 
IFINN.GT.5)  GO  To  141 
READ  (5*7)  (XNKlj  ,I»1.NN) 

7 FORMAT)  5E9.3) 

25  READ (5, 77) (XMl (I) ,1*1, NT) 

77  FORMAT ( 10FH.3) 

IF(EAP.LT.l.E-20)  EAP-EA/P 
IFIEA.LT, l.t-20)  E A*EAP#P 
EAN*EAP*tI«i .0358E-19 
MRITE(b,18)EA,P,EAP,EAN,A 

Ifl  FORMAT (•  EA**,F5.2,*V/CM*,10X,*P*#,F6.2»*TORR4,lOX,4E/P**,F6.2 
C*V/CM-TORR*«10X,*E/N***E11 .♦♦•V-CM24,l6*«*A*4,Fb,3,*MM2*| 

WP I Tt (6,2) (XMl (I) .1*1, NT) 

2 FORMAT (•  ATOMIC  MASSES**, 1 0F8.J) 

C 

C CONSTANTS 

PI-3.14159 

E*l.b02E-19 
EpSOaB, AS4L-12 
XME*9. 1096E-31 
XMOal «6606E»?7 
IP*0 
C 

C RATIONALISATION  TO  MKSA 

ea*ea*ioo. 

P*P*133,3 

A*A*l.E-6 

TI*T I*E/1 lb04. 

DO  6 1*1 »NT 
6 XMl ( 1 ) *XMI (I)*XM0 
IF(XNE-1.) 15,15,16 

15  XNE*XNE#P/TI 
DO  5 1*1, NP 

5 XPI(I)«XPI(I)*P/TI 
IF (NN.EQ.O)  GO  TO  IT 
DO  4 1*1, NN 
* XNI)I)*XNI(I)»P/TI 
GO  TO  17 

16  XNE»XNE*1 ,E6 
DO  3 1*1, NP 

3 XPI ( I ) *XPI ( I) •! ,E* 

IF (NN.EQ.O)  GO  TO  IT 
DO  I 1*1, NN 

1 XNI ( I ) *XNl ( I ) *1 ,E6 
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65 


TO 


75 


»0 


85 


■>0 


95 


100 


105 


110 


17  ZNEaXNE/l.fcfe 
ZPTaO • 

DO  100  laltNP 
ZPI (IHXPI  (I)*l.E-6 

100  ZPTaZPI ( 1 1 *ZPT 
XPT«ZHT*l.t6 
XNTaXPT-XNt 
IF(NN.EO.O)  eO  TO  102 
00  101  1*1, NN 

101  ZNI <I>*XNI (I)*l.E-6 

102  WRITE (6. 19) ZNEt ( ZPI ( I ) • 1*1 ,NP> 

19  FORMAT!*  Nta^iElZ.AtSX.^POS.OiNS.mw.SE^,*) 
IF(NN.Eo.O)  oo  To  104 

WRITE (6, 103)  ( ZNI (I ) v I* 1 »NN) 

103  FORMAT!*  NtGATIVE  DENS.**,5E12.*) 

10*  CONTINUE 

C 

C MAXWELLIAN  OR  TARULATED  DISTRIBUTION 
IF(5-I000)ll,ll,l2 

12  VE«FLOAT(»!-1000l /10. 

K*10*(K.1000) 

IF(K.OT,2SO|  GO  TO  1*1 
DO  13  1*1 »K 

u i i ) “Float ( i i / i o . 

F ( I.1)«2./PI**.5/VE**1.5*EXP(-U< Il/VE) 

F(I.2)“0. 

13  F(I,3I»0. 

GO  TO  27 

11  CONTINUE 

IF (K ,GT ,260 ) 00  TO  1*1 

RtA0(5»l*>  lull) , (F ( I » J ) i J* 1 « 3 ) * I • 1 » K ) 

14  FORMAT (lXt*E12.*) 

Do  ISO  1*1,5 

150  F (1,2) w-F  11,2) 

27  STPal./(U!2)-U!l>) 

C 

C CALCULATION  of  XKl 
DO  20  Ial,K 

20  XF(I)*S0RT(U{I))*F<I,1> 

Ml*l 

N2*2 

M2*5-l 

XFObO, 

call  sumt(u,xf,mi,m2,xfo»X51) 

c 

C CALCULATION  of  VE 
DO  21  1*1*5 

TF(I)aF(I,l)/SURT(U(I) » 

21  XF(I)*SQRT(U(I)**3l»F(l,l) 

CALL  SUMT !U,XF, Ml ,M2 , XF0 • SUM I 
VE"SUM*2./ 1X51*3,1 

CALL  SUMT(U,yF,N2,M2,XF0«SUM) 

SUM*3UM,F  (1,1)  *2.*S>iRT  lull)) 

VE1*2.*X51/SUM 

X50*XNE*E*S09T (E/XME/2. > /2./X51 

VRATaVt 1 *L/T I 

VI*.5*VE1*APT/<XNE*XNT*VRAT) 
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115 


1?0 


125 


130 


135 


1*0 


1*5 


ISO 


155 


160 


165 


17f» 


XIPbO. 

DO  10S  I si • NP 

105  XIP»XlP*A*t«XPI ( I )*SOBT (2,*E«Vl/XMI (I ) ) 

XN*0. 

IF(NN.EQ.O)GO  TO  106 
DO  107  lal «NN 

107  XNbXN-A#E*XNI  ( I > *SQRT < T 1/ ( 2,*P1«XMI (NP* I ) ) I 

106  continue 

c 

C CALCULATION  of  XLMDA5TT1  — “ 

XLHDAOaSQNT (EPS0*VE1/ <E*XNE> ) 

DO  22  I»1»R 

?2  XF(I)«F(I,1) 

CALL  SHEATH (u.XF, V I. VE1.VRAT,ANE,XPT,Xk1,XLW0AD*K,XLM0AS,VF) 

WRITE (6 1 26) VF.VE1 . XK 1 , VRAT , V I . XLMOAD 
26  FORMAT (•  Vt-»,F6.2.5X.*VE1P**F6.2,5X,»XK1»«.E11 .4.5X,*VPAT,«,FB.2. 
C5X. *V 1**«F6, ?» 5X , WXLMDAD»**E1 1 •*) 

WRITE  (6*73)  (XLMOASd)  .1*1. K) 

73  FORMAT!  1 CM  2X  «E  1 1 ,* ) ) 


C PLANE  EXACT 

IF(A.LT,1.E-20)GO  TO  1*0 

30  IF(nw.Eq.I)  WRITE (6,31 I 

31  FORMAT (60*11HPLANE  EXACTl 
ITEMal 

C 

C ROTATE  OR  FIX 
«A  TTAbTMETA 

lFtTTA.oT.1000.)  00  TO  *9 

32  JAaINT ( ( TT A .45 . ) /43 . * • 1 ) 

IF(NW.EO.I) 

SWRITE (6,33) TTA.JA 

33  FoRMAT(B0ThETAB#,r6,l,bx*PjAw*tI*) 

TTAbTTAbPI/IBO. 

C05Ab(3,*C0S(TTA)W»2“1.)/2» 

IF ( vPO.lT.O, ) GO  TO  3* 

IFtVPO.LT. 1000.)  GO  TO  35 
C 

C RET  SWEEP 

oeltaobvpo-iooo. 

IDELTA-INT  <STP*DELTAO*.l ) 

IVP«( (X*l»/IOELTA)PI0ELTA.l 
IF(IVP.EQ.h)  IVRbIVP-IDELTA 
GO  TO  36 
C 

C RET 

34  IVPwINT (-STP«VP0-.9) 

IDELTAbINT ( STP#OELTA0*. 1 ) 

36  NVP»K-IVP 
IF (NW.EO, 1 ) 

AWRITE (6,29) IOELTA . I VP.NVP 
29  FORMAT (*  IUCtTAaPf 1 4 ,5X» *1  VP** * 1* . 5X , »nVPb» , 14) 

IF ( NW.EO. 1 ) WRITE (G«2G) 

28  FORMAf <*0*.3x.*VP*.10X.*XIT#tl«***XlC*.llX.»F0*.12x.*Fl«t 1 ?X,*F2*. 
C8X»*VA$TP»#X«*L0*) 

00  37  NbNVP.k.IdclTA 
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175 

ISO 

185 

190 

195 

200 

205 

210 

215 

220 

225 


KN«K“N*1 

VPbFLOAT (KN) /STP 
VAST«tA*XLMDAS(KN)*COS<TTA) 

XWAST (KN) *VAsT 

vef.vp-vast 

IFIVEF .IT.O.) VEF.O. 

60  T0(45.bl,62> , ITEM 

51  DO  52  I » 1 » 5 

ppno-ako* iu ( 1 1 -ven  *F (I<1) 

PRN1»XK0*(2./3.*U<I)*<1-<VP/U(I) ) *»1 ,5) ♦ VAST •SORT (VP/U(I))-0.25*VA 
CST**2/S0RT(VP*U(I) ) ( *F ( I .2) *CU5 ( TTA ) 

PPN?«*KO* (0 .25* (U  C I ) *2 .•VP-3.*VP»*2/u ( t ) ) «0 ,5*VAST* (3 .•VP/n ( I ) -1 . ) 
C-0.75*VAST**?/U(I>  >*P  (I.3)«C0!>8 

52  7F( I)»PRNb-PRNl*PRN2 

6»0.5**K0#VAST**2*(F(KN.l)-F(KNt2)*COS(TT») *F(KN,3»*C0Sai 

L1«KN*1 

00  TO  46 

62  00  63  Is  1 « K 

PRZO«XKO« ( U ( I ) -VP) *F ( l , 1 ) 

PRZ1»2./3.«XK0*U(I)*(1-(VP/UU) )**1.5)4F(It2)*C0S(TTA) 
PRZ2»0.25#XK0*(U(I)*2.*9P-3.*VP**2/U(H )*r (I.3)*C04A 

63  VF(l)»PRZ0-PRZl*PRZ2 
6«0« 

Ll«KN*l 
60  TO  46 

45  DO  38  I.l.K 

PREO ( I ) «XKO*  <U ( I ) -VEF > «F ( I . 1 > 

PRE1 (I)«2./3.*XK0*U(I)*(l.-(Vt>/U(I) )4*l,5)*F(It?)*C0S(TTA) 
PrE2(I)»XKO/4.*(U<I)*2.*VFF-3.«»EF**2/u(I))#F(T93)*COSA 
36  CONTINUE 

Lj«INT(vEF*STP*1.5) 

IF(L1.6T.K)U1»K*1 

CALL  SUMT(UfpREO.Ll.M2iXFOtSU") 

XJO(KN)bSUM 

CALL  5UMT ( U • PREl tLl t N2 • XF0  .SUM) 

XJ1 (KN).SUM 

CALL  SUMT(U,pRE2,Ll.M?.XF0.SUM) 

XJ2(KN)«SUM 

XJEk-XJO(RN) *XJ1 (KN)-XJ2(KN) 

60  TO  58 

46  CALL  SUmTIU.yF.LI .M2,XF09SUM) 

XJE9I-SUM-6 

sa  continue 

XIE»A»XJE 

XINaOt 

ARO»VEF*E/T I 

IF ( (AH6.0T.100.) .OR. (ARO.EO.O9) ) 00  TO  74 
XIN«*N*EXP(-AR6) 

74  CONTINUE 

IFIARO.CO.O.)  XXNaXN 

X1T.XIE.X1P.XIN 

UP«-VP 

LO-Ll-1 

IF(NH.EO.l) 

»HRITfc(6,39)UP.XIT.XIE.F (KN.ll .MKN.2) ,F (KN ,3) . X VAST (KN) ,L" 
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230 


2 35 


2*0 


2*5 


25o 


255 


260 


265 


270 


275 


28o 


285 


39  FORMAT)  F6.1,2X,2(2XE11.*)  ,3  (2*1.12.*)  , 2X,F7,*,6X,  U> 

IF (IP. Nf. 39)  GO  TO  56 
IF(NW.EQ.I)  WR I TE  ( 6 *5 7 J 

57  FORMAT  (*!•)  

IP«-1 

56  IP*IP*1 

GO  TO (55»91 ,91 ) .ITEM 
55  XI (KN»JA)=AIT 
91  CONTINUE 
37  CONTINUE 
kk»k-nvp*i 

GO  TO(*7,5*,5*l .ITEM 
♦7  IF(NW.EQ.l)  WRITE (6,70) 

70  FORMAT (*0*»3X.*U**llX,*XJ0*«lOA»*XJl*.10X«*XJ2*> 

00  72  N«N VP, «»1 DELTA 

I«K-N*1 

IF(rgV.EQ.l) 

fWRlTE(6,71)U(I)  «XU0(I)  «XJ1  (I)  tAJ2d) 

71  FORMAT)  F6.1  ,2X,3  (2XEU  .*)  ) 

IF(IP.NE. 39)00  TO  72 
IFINW.Eo.il  WRITE (6*57) 

IP--1 

72  IP*IP*1 

IFIVP0.LT. 1000.)  GO  TO  5* 

C 

C ACC 

IVP-K 
GO  TO  *2 

35  IVP»INT(STp*vPO*.l) 

idelta*inT (STP*OFLTA0*.l 1 
*2  IF(NM.EO.l) 

5WRITE  16,8) IOFLTA.IVP 

« format («oaccflerating  reoion, plane  exact  iot ltas*.i*.5x,*ivp«», 
CI*,5X/*0*»3X,*VP*,10X,*XIT*) 

DO  *1  I * 1 # A 

*]  XF(T)**K0*U(I)*(FII»l)-r./3.*F  «I»2)*C05(TTa) ♦0.25«P(I.3)«CnSA) 

CALL  5UmT(U,xF,M1,M2,XF0«$UM) 

XE*-A*Sum 

X A *0  • 

DO  *3  N«l .IVP.IOELTA 
VPbFLOAT (N-l ) /STP 
XP«XIP*EXP(-VP*E/TI) 

X I T»XE. XP*XN 
LK*N 
NKaN«KK 

IF (NK »GT .250 ) Go  TO  1*1 
XI ( NK  t JA ) »X IT 
IF (NW.EO.l) 

*WRITt<6,39)VP,XIT 
IF (IP.NE.39)  GO  TO  59 
IF(NW.EO.l)  WRITE (6,57) 

IP—1 

59  IP-IP*1 

IF( (1-XA/XIT) .LT.l.E-5)  GO  TO  5* 

XA-X1T 
*3  CONTINUE 
5*  CONTINUE 
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IF (NM.EO. 1 ) 

SMRITE(6,82>KK.LK,NK 

82  FORMAT (-0KK-*. I4.5X.-LK--. I4,bA«*NK--. I*) 

IF (THETA- 1000. >48.40,40 
29o  49  IDEG-lNT(THETA-lOOO.-.l) 

IF(NM.CQ.l) 

9MRITt(6,9> IOFO 
9 FORMAT («  IUEG--.I4) 

00  40  NM-1.1R1.I0EG 
295  TTA.FLOATINH.1) 

GO  TO  32 
40  CONTINUE 

IF ( (VRO.OT.O.O) .AND. (VP0.LT.l.t3) ) STOP 
48  IF(NAZ.EU.O)  GO  TO  84 
300  00  TOI53, 61,44) ,ITEM 

C 
C 

C PLANE  APPROXIMATE 
53  PR  I TE ( 6 , 50 ) 

3os  4o  format (•o«ithplane  approximate) 

ITEM-2 
GO  TO  44 
C PLANE  ZERO  ea 
61  MRITEI6.60) 

3 1 0 60  FORMAT (-0-13HPLANE  ZERO  EA) 

ITEM-3 
GO  TO  44 

64  CONTINUE 
C 

315  C PREPARATION  for  SUBROUTINE  jtof 

IF ( (IUEG.Nt.45) .OR. (VP0.LT.10U0.) ) 60  TO  90 
EA-EA/1 00 . 

P-P/133.3 

MI-0 

320  A-A-l.Eft 

TI-TI-H604./E 
MR ITE (6,65) 

65  FORMAT (-0-.9X-U-.5X.-X I ( l . 1 > -. MA.-x I ( I , 2 ) • , 5X , *X I f T.3>-» 

C5X.-Xl(I,4)-,5X,*XI (I.5)-.I1X.-FO-,10X,-FI*,10X.-F2*) 

325  00  68  n-IDELTA.Kk.IOELTA 

i-kk-n-ioelta 
ucd— float  cd/stp 

MRiTt (6,66)U(I>  t (XI !I,J) « J-l.a) • (F (I.L) »L«1*3) 

66  FORMAT)*  -,F 12.2,SEl?«4,5x«3Ei^.4) 

330  IFIIP.NE. 39)00  To  68 

MRITC (6.5T) 

IP— 1 

68  IP-IP-1 

MRITE (7.69)  ( U (Kk « I0ELT A-I) . ( Xl IKK* IDELT A- I , J ) . J-l ,5 ) « I -IOPLT A , 

335  < KK.lOELTA) 

WRITE (7,75)  (U(KK-IOELTA-I) . ( Xl (KK. IOEL TA- I . J) . J- 1 ,5) • I-TOFLTA , 
t KK.lOELTA) 

MRITE (7,76)  (U(KK.IUELTA-I) . (Xl (KK. IOClTA-I , J) . J-t ,5 ) » I-IOFLTA , 
t KK.lOELTA) 

3-0  69  FORMAT!  F 12.2.5E 1 2.4) 

75  FORMAT!  F12.2.5E12.4) 

76  FORMAT)  F 1 2 , 2 ,5E 12.3) 
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KP1=KK*1 

DO  HO  I.KP1 .NK.IDELTA 
3*5  U(I)»H-OAT(I-KPl)/STP 

wiTEt6,65i  Lrrrrrnu(irj)  rj»r»^r 

IFIIP.NE.39)  go  to  bo 
write (6,57) 

IP»-1 

JSo  HO  IP«IP»1 

wRl  TE  ( 7,69)  ( u ( 1 1 . (XI  ( It  J)  , J-l(b)  • IbKPI  ,NK«  I DELTA) 

WRITE  17,7b)  <u< I) . (XI (T.J) ,J»1 tb)  itwKPl  ,NK  tTDELTA) 

WRITE (7,76) (u(I) • (XI (It J) tJ»l tb) tlwKPl.NKtIOELTA) 

KKwKK/ loELT  A 

355  LKw(LX-1)/IOPLTA*1 

NKaKK*LK 

WRITE (6,82)KKtLKtNK 

WRITE(7,6T)EA,P,A,KK,LKtMI,TI 

67  Fo«mAT(  2F7,2/F6.3/3I*/F7,1I 

360  GO  TO  90 

141  WRITEI6.142)  NP.NNtKtNK 

142  FORMAT (•  DtCRE*SE  NO. OF  ENTRIES  IN  OnE  OF  NPw* 1 1* ,*X , *NN«* , 1 4 «5X • 
C*K»*.I4,5X.*NK«4,I4) 

90  CONTINUE 
365  140  CONTINUE 

STOP 
END 
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SUBROUTINE  SHE ATH ( U, XF, VI , VE 1 , VR A T , XNE , XPT , XK1 , XLMOA , K , XLMOAS ,VE » 
OIHENSI ON  U ( 250 ) ,XF( 250) tZ (2501 ,XLMDAS<250I 

XNN* IXPT-XNE ) /<  XPT*VRAT ) 

Vl=2.*VI/VEl  

C=S0RT<V1> 

XFO»0. 

L*  1 

M2*K-1 

XLMOAO=XLMDA  *SQRT (XNE/XPT) 

00  12  N*1,K 
V*UIN) 

A«2.*V/VE1 

9r SORT I A> VI I 

VN«B*C-V1 

VO*C/B 

IV«N 

L1»IV*1 

M*IV-1 

DO  13  I*IV,K 

13  Z(I>*MU(I)-V»**1.5-UU»**1.5-V**1.5»*KFIIJ 
CALL  SUMT (U,Z,L1,M?,XF0,SUMA> 

00  15  1=1, IV 

15  Zm  = (UIII**l.S»*XF«I> 

CALL  SUMT  <U » Z ,L ,N ,XFO, SUMB) 

SUM*  C 2, * SUM d- SUM A | *X  NE/ <3,#XPT*XK1*VE11 
00  15  1= I V « K 

15  Z <IM<SORTIU<  II -VI  ♦SORT  <V» l*XF<I> 

CALL  SUNT (U,Z,L1,M2, XFO  ,SUHCI 
SAN=$UMC*XNE/<2. •XPT*XK1> 

1Z  XlN0AS<NI=XLM0AD»SQRT<2.»( VN-SUM-XNNM /(VO-SAM) 

12  CONTINUE 
RETURN 
END 
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SUBROUTINE  SUMT(U,XF,LI,L2»XF0»SUM) 

DIMENSION  Ut?50) *XF (250) 

L1«LI 

LA»LZ»r 

5 LB»l2*2 

SuMbO. 

IF (LI .GE.LblRETURN 

IF< (Ll.EQ.il. OR. (L2. EG. m 60  TO  *06 
IF (LI .EG. LA)  GO  TO  911 
10  GO  TO  902 

906  X2>U(1) 

X3«U(2) 

XF2bXF (11 
XF3bXF (?) 

15  *1»XF0/(X2*X3) 

A2bxF2/ ( X2» ( XZ-X3 I > 

A3»XF J/(X3»(X3-X?) ) 

Cla41*A2*A3 

C2>(X2»X3>#A1*X3*A2*X2«A3 
20  C3«XF2*(C2-C1»X2)*X2 

IFULl.E0.21.AND.tL2.Ett.l))  Ou  TO  *13 
SuM»C 1 *x2##3/3.-C2*X2«X2/2. *C3*X2 
IF (L2.EG. 1 ) GO  TO  915 
IF (L2.EO.01  RETURN 
25  Ll«2 

902  DO  900  l«I-1'L2 

910  X1»U(L-1) 

X2«U(L) 

X3«U(L*l) 

30  XFIbXHl-1) 

XF2.XF (L) 

XF3«XF  < l * 1 1 

*l»xFl/( (X2-xl)*(X3-Xl) 1 
*2»xF2/( (X2-xll«(X2-X3l ) 

35  A3»XF3/( (X3-X11*(X3-X2) ) 

Cl»Al*A2*A3 

C2«(X2*X3)*A1.(X1*X3)*A2«(X1*X21*A3 
C3»xF2* (C2-Cl*X2)#X2 

ifilueo.la)  go  to  9is 

Afl  900  SuMbSUM»C1* (x2A*3-X1A*3)/3,-C2*U2»X2-x1»X1) /2,»C3» IX2-X1 1 

915  SUM?»C 1# ( X3*«3-X2*«3 1 /3.-C2* (x3«X3-x?*x2) /2. *C3» ( X3-X2) 
SUMaSUM*  SUM2 

903  RETURN 

911  LsL2 

AS  GO  TO  910 

ENO 
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Program  JTOF  and  its  Subroutines 


PROGRAM  jTOF  <INPUT,0UTPUT.TaPE5,TAPE4) 

DIMENSION  VP (250) .XJ (250.5) .FO 1 1 Z50 ) , XLM0A5 ( 250 ) • 

CBOC250)  ,01  (2.50)  .H2 (250) «OB0 (250 > »FE0 (250 ) .FE1 (250) ,FE2 (?50)  * 

COJ212SO) IsJ2 (250) !f0(2S0) .FI (250 ) ,F2 (250 ) . 

CDOJI  (-**0) .D2j2(250> .DERI (250) ,UER2(2S0> , 

CXF(250),X(i(250)  .XHI250)  ,XVA(250»  .FON(250)  .FlN(?5<n  ,F2N|?50) 

READ (5*1 08)  NW 

108  FORMAT  (ID 

READ  (5,13)  FA.P.A.K.L.MI 

10  FORMAT)  2F7.?/Ffe.3/3U) 

REA0I5.11)  TT 

11  FORMAT!  F7.1) 

RE AO (5 , 1 09 ) HnTED 

109  FORMAT (El 1 .3) 

KaK.L 

READ (5. 09) (VP(I) , (XJ(I.J) ,J«1.5) ,1a] ,K) 

9 FORMAT (F12.2.5E1P.5) 

KaK»L 

DVPaVP(2)>VP(1) 

IF(Ml.NE.O)  SO  TO  T1 
DVaVP(K) «UVP 
DO  73  lal.K 
NaK-I*l 

XVA(N)»oy-VP(I) 

eo<N)»-xj(i,i)*x.Mi.i) 

HI (N)*"XJ(I.p)*XJ(I.2l 
B2 (N) *“X  J ( 1.3) *XJ(1*3) 

DRO (N) >.XJ(I.A) «XJ( !•♦> 

73  DPI  (N>a-XJd,S)«xJ(l.*> 

00  7*  lal.K 
VP(I)»XVA(I) 

XJ(l.l)aSO(It 

X J ( I .2) aBl ( I ) 

X J( I. 31 aB2( I) 

X J( 1 . 4) aDBO ( I ) 

7*  X J ( I .5 ) aOB 1 ( T ) 

WRITE (6.92) 

<12  F ORMAT ( • 1 • . BX . *0*. 10X.*XJ(l)*.**.*XJ(2)*«9X.AXJ(3)»,9X,axj(A)#.9*. 
C*XJ (5) •) 

WRITE (6, 72) (VP( I) , (XJ(I.  J) .Jal»5l .Ia),K) 

72  F ORMAT ( F12.P.5E14.5) 

71  CONTINUE 

NRI TE (6,8)  EA.P.A 

8 FORMAT (•0EAas,F6.1.10X.*PaP.F7.2,10X,aAaP.F».l) 

C 

C CONSTANTS 

PIa3. 14159 
E.1.602E-19 
EP50»*.854t-l2 
XME-9.1094E-31 

1 AaO 
IPaO 

XirO  a2.»P  I *t»»3/XME»*2 

c 

C RATIONALISATION  TO  MKSA 
EAaEA»100. 


P-P*l 33,3 


60 


65 


TO 


A-AM.E-6 

M-K-l 

59  IP(A.LT.1.L«?0>  00  TO  16 
DO  13  1-1,6 
DO  13  J-l  .5 
13  XJ(I.J>-XJ(I,J)/A 
approximated  To 
16  DO  50  1-1.6 

XjO<n»2./3.*XJfT.3>*CXJTI,»*XJ(I,5,)7S; 
50  XF«I)«XJ0(I)/XK0 

CALL  UERIVP.XP.K.OERl.POl.AI 


60 


65 


DEDUCTION  OF  F FROM  PLANE  PROBE 
1F(FA.(jT,1.E-20)00  TO  35 
DO  70  1-1.6 

xjl(I)-(xJU.5l-XJ(I.in/2, 

XJ1 ( II--XJ1 (I) 

FQ ( I ) *P01 ( I ) 

70  Xj2(I)-(XJ!I,5)«xj(I»lll /3.”2.**J (1.31/3. 

00  TO  12 
35  DO  21  I-l.K 
BO ( I ) “XJ (1.31 

61 (I)»2.**.5*(XJ(I.2)-XJ(1.6)l-.5*(Xj(t,l)-XJ«T.5) ) 

21  B2|I)«2.*(XJ(X.21*XJCI.A1 ) -3,*XJ ( I , 3) -.5* ( XJ ( I, 1 1 .XJ < I .5) * 
CALL  OER ( VP.B0.K.DB0.DER2, 1 ) 

CALL  OERIVP.ri.K, DBl.0ER2.il 


60 


96 


100 


C CALCULATION  OP  XK1.VE  « XNE 
12  CONTINUE 
Do  51  1-1.6 
XF ( 1 1 ■ VP ( I ) •• «5*F0 1 ( 1 1 
51  X6(I)“VP(II«*1.5«F0l (II 

CALL  SUMT (VP.XP.1.M.0..XK1) 

CALL  SUMT ( VP. XO. 1 .M. 0 • .SUM) 

VF-SUM*2 , / ( XK 1 *3, ) 

XNE«2.*XK1*PI«(2,*E/XME)**1.5 

XNT-XNE-RNTED 

XPT-XNE.XNT 

DO  AT  1-1,6 

*7  XP ( I ) *P01 < 1 ) /SORT  CVP (111 
CALL  SUMT (VP(XP,2.M.0« .SUM) 
SUM-SUM. P01 (1)»2.*S8RT(VP<1) 1 
VE1-2«*XK1/SUM 
VRAT*ll60A.*VEl/Tl 
VI-.5»VE1*XPt/(XNC»XNT*VRAT1 


t 


105 


C CALCULATION  op  XLMDASlII 

20  XLMDAU-SORT (EPS0*VE1 / (E*XNE1 I 
IFIEA.LT. 1.E-20IOO  TO  26 

CALL  SMEATh( vP.FOl .Vl.VEl.VRAf .XNE.XPT ,XK1 . XLMOAD.K. XLMDAS * VE) 


110 


DO  22  1-1.6 
XVA(I)-CA«XLMDAS(I) 

IF (VP( 1) .OT.XVA(t) 1 60  TO  22 
«RITE(6.91)VP(I) ,XVA(I) 

91  FORMAT!*  U-*,F7.?.5X,*VA-*,E13.A, 
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1 


US 


120 


125 


130 


139 


1*0 


1*9 


150 


159 


1*0 


165 


170 


XVA(I)*VP(l) 

?2  XF(rl"*VA(l) **2*080(11 

CALL  DER(VP,xF.6,02M.DER2,l) 
do  ?*  i*inr 

2*  XjO ( I ) *R0 ( I ) *B2 ( I ) /3 . *XVA ( I ) *DBl ( I > /3 . *028 ( I) /6 . 

36  00  25  I*l»6 

25  XF(I)»XJ0(I)/X60 

C 

c calculation  of  fo e i j 

call  ocB(VP,xrjK,oe*itro»*)  — 

c 

C TEST  OF  accuracy 
60  00  52  1*1*6 

XF(I1*  ABS(F0(I)-F01 (I) )*VP(I)**0.5 
52  X6(I)»VP<I)**.5**0(I) 

CALL  SUMT(VP,XF.1.M*0.  .SOMA) 

CALL  SUMT(VP,XG,1,M.0..XK) 

ACCU»SGmA/X6 
I A* I A *1 

IF (ACCU.LT. 1 .E-A)  00  TO  26 
23  00  27  1*1.6 
?7  Fol ( 1 1 *F0 ( I ) 

IF  ( I A.LE.  100)  00  TO  2*> 

WRITE (6.28)  ACCu 

20  FORMAT (*  «26HF0  does  NOT  CONVtHGE.ACCUaFd.A) 

60  TO  28 

29  WRITE (6.31 1 lA.ACCU.XKl.XNE.VE.Vtl.VRAT.VI.XLMOAO 

31  FORMAT (•  IAa*. I3.3X.*ACCUa*.F7 .*.3X.*Xk1b*<E11.A.3x<*XNFk*,E1].a. 
1 3X 

A*VEa*iF6.3.3X.*VCla*,F6.3.3X.*VMATa*,F8.2.3X.*Vla*,F6.3.3X. 
8*XLMDA0a*.El I .*) 

00  TO  12 

C 

C CALCULATION  OF  Fl(ll  ♦ F2(I) 

26  WRITE (6.31 1 1 A. ACCU.XK1 tXNE * VE t Vfcl . VRaT . VI . XLMOAO 
WRITE (6.32)  (XLMOAS(I) .I-l.K) 

32  FORMAT  ( 10 (2X.E1 1 .*) ) 

IFIEA.LT.I. E-20100  TO  39 
DO  *5  1*1.6 

0ERHl)aXJ(I,l)-XJ(I,5)-l.*I*21*»(XJ(I,2r-XJ(I.*() 

DER2(I)aXJ(I,l)*XJ(I.5)-2.*(XJ(1.2).XJ(I,*)-XJ(I,1) ) 

XJ1 ( 1 1 a-01 ( 1 ) -XVA ( 1 ) *080 ( 1 1 
XJl (I)*-XJ1 (I) 

*5  XJ2 ( 1 1 ■ (2. *82 ( 1 1 *2.*XVA ( I ) *D8i (11*028(1) )/3. 

39  IF(NW.EO.I)  WRITE (6.37) 

37  FORMAT (•l*.9x.*U*»I0X.*F0*.I0Xt*Fl«,10X.*F2*,I6X,*VA*) 

00  AO  1*1.6 

AO  XH(I)wXj2(l)/(VP(lia*1.9) 

CALL  OEri VP.xJl .k.OJI .0031 .2) 

CALL  UER(VH.XJ2,K,DJ2»02J2.2> 

XM0*2«#XM( 1 ) -XM ( 2) 

00331*1.6 

CALL  SUMT (VP.XH. I«1.M.XH0.SUM) 

33  S j2  ( I ) ■ SUM 
IPaO 

00  30  lal.K 

FI  ( I ) ■ (00J1 ( I ) •«9*0J1 ( I ) /VP( I ) ) /X60 
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5 


F2(I>m<D2J2(I>«1.5/VP<I)*0J2<I»*.75/VP(1|«*?«XJ2/I)-3./(«.*VP<I> 
C««1.S)*SJ2(I) >/*K0 
F0N(1>«F0(I>/XK1 

175  riN(U*Fia)7XKl  ~ 

F 2N ( 1 ) >F2 ( I ) /XK 1 
ifinw.eq.d 

(WRITE  (6*3*)  VP  ( I ) tF 0 ( I ) »F  1 ( I ) »f  2 < I ) • X VA  ( I ) 

3*  FoRmM (•  *F12.2,3E12.4,SX,F12.2) 

ISO  IF ( IP. LT. 49)00  TO  41 

IF(NW.EQ.l) 

* WRITE <6«42l 

42  FORMAT <*1*) 
lP—1 

185  41  1P»1P*1 

30  CONTINUE 
62  CONTINUE 
IP«0 

WRITE (6,38) 

190  38  F0RMAr<*l**7*»*U«»Tl,*F0Nw,9Xt*F IN*.9 X ,*f2N« .9  * . *V* * I 

00  43  I«1,K 

WRITE (6,46) VPlI) *FON(I) ,FlN(I) *P2N(I) • X VA ( I > 

46  FORMAT!  F10.2,JEl2.4,F12.2) 

IFUP.LT. 49)00  TO  44 
195  WRITE (6, 421 

IP«-l 

44  IP»IP*1 

43  CONTINUE 

IF(EA.LT.1.E-20)00  TO  61 
200  IF(NW.fcO.l) 

(WRITE (6,5b) 

55  FORMAT (*l»,2**80»,10X»81*,10X4l*2», I OX»R3»«10X*84*,)OX«ORO,.9X, 
C*D01»*9X.*O2«*,9X,»U*> 

IF(NW.EQ.l) 

205  (WRITE (6,56) (RO(I) ,81 ( I ) ,B2 ( I ) ,UtR) ll ) ,0ER2 ( I ) , OB 0 ( T ) ,0R1 f I ) ,02B ( 1 1 

C»VP(1> fl»ltlt) 

66  format ( 9Ei2.4> 

61  IF(nw.EO.I)  WRITE (6,57) 

57  FORMAT (*1**4X»*XJ0#»9X»*XJ1*»9A»*XJ2*»9X, *0 Jl* ,9x  *»0 J2»  «9X  «wOO Jl*  » 

210  CBX.*02J2»,6X,*SJ?*,9X,*U*) 

IF(NW.EO.l) 

(WRITE (6,58) !XJO(I) ,XJ1(I) ,XJ2U) ,0J1 (I) ,0J2(I) .U0J1 ( I » «0?J9 ( I ) »SJ2 
C ( I ) , VP( I ) t I«1 »KJ 

58  FORMAT ( 9E12.4) 

215  lF(£A.LT.t.£-20)  STOP 

IF( (EA.OT.l.F-20) .AND. (EA.lT.I ,t-I5) ) 40  TO  96 
00  57  Xwl ,6 

X JO ( I ) «R0 ( 1) *82 ( I ) /3, *XV* ( I ) *081 ( I ) /3. 

XF ( I > "X JO ( 1 ) /XKO 

22o  57  XJ2(I>«2. •82(11/3. *2. •XVA(I)*U81  (D/3. 

CAUL  UER (VP,XF«K,XH,F0«4) 

EAwl.t-17 
00  TO  39 
96  EA«0, 

225  00  TO  18 

ENO 
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SUBROUTINE  SHEATH(U,XF,VI,VEltVRAT,XNE,XPT,XKl,XLHOA,K,XLMOAS,¥£l 
OIHENSI ON  U(250),XF(250),Z<2501 ,XLHDASC250» 

XNN*<XPT”XNE) /<  XPT*VRAT ) 

VI*2.»VI/VE1  ~ " 

C*SQRT I VII 
XF0*0. 

L*1 

H2*K-i 

XLHO AOz  X LHOA  *SQRT (XNE/XPT > 

DO  12  N*1,K 
V*UIN» 

A*2,*V/VE1 

B*SQRT(A*V1) 

VN*B*C-V1 

V0*C/8 

IV*N 

L1*IV*1 

M*IV-1 

DO  13  I«IV , K 

13  Z(II*HU<I)-VI**1.5-U(I»**1.5-¥**1.5»*XFII> 

CALL  SUHT <U,Z,L1,H2,XF0,SUHA) 

00  14  1*1, IF 

14  ZII)«(UIII*»1.5)*XF(I) 

CALL  SUHT (U , Z,L , N, XFO, SUM8I 
SUH*I2.*SUHB-SUHA»*XNE/<3.*XPT*XK1*VE1) 

00  15  I*IV,K 

15  ZCII*1SQRT(U(II”VI ♦SORT  <VII*XF(I) 

CALL  SUHT  (U,  Z,L1 , H2,  XFO  *SUHCJ 
SAH*SUHC*XNE/12.*XPT*XK1» 

17  XlNOAS<NI*XLHOAD»SQRTC2.*( VN-SUH-XNNM /(VO-SAH) 

12  CONTINUE 
RETURN 
ENO 


5 


10 


15 


20 


25 


30 


35 


*0 


*5 


SU8H0UT I NE  SUMT ( U « XF ,L 1 « L2 . **0  * SUM ) 

DIMENSION  U(?50) «XF (250) 

L1»H 

LA«U2»I 

LB«L2*2 
SUM»0 • 

IF  (LI  *GE  »Lb ) RETURN 

IF( (Ll.EQ.l) .OR. (L2.C0.ll ) GO  TO  9oS 
IF(Ll.EO.LA)  00  TO  911 
GO  TO  902 
906  X2»U ( 1 ) 

X3«U(2) 

XF2-XK(1) 

XF3«XF (2) 

Aj»XF0/(X2*X3) 

*2«XF2/(X2*(X2-X3) > 

*3»XF J/(X3»(X3-X2)  ) 

C1«A1*A2*A3 

C2«(X2*X3)*A1*X3»A2*X2»A3 

C3»XF2*(C2-C1»X2)*X2 

IF ( IL1.E0.2) .AND. (L2.EU. 1 ) I 00  TO  919 

SuM»C1»x2*»3/3.-C2»X2»X2/2.aC3»X2 

IFIL2.E0.il  00  TO  915 

IFIL2.E0.0I  RETURN 

Ul«2 

902  DO  900  L«L1,l2 

910  Xl-U(L-l) 

X2»U(L) 

X3«U(L*1 ) 

XF1«XF(L-1) 

XF2-XF (L) 

XF3»XF ( L * 1 > 

Al»xFl/( (X2-xll*(X3-Xl) I 
A2»XF2/ ( ( X2-x 1 1 * ( X2*X3) > 

A3»XF3/( (X3-xl>*(X3-X2)| 

C1»A1*A2*A3 

C2>(X2»x3|*A1*(X1*X3|*A2«(x1*a2)«A3 
C3>xF2» (C2-C 1«X2) *X2 
IF ( L 1 • Eq . LA ) 00  To  919 

900  SuM«SUM«Cl* (x2**3»X1**3> /3.«C2*I*2*X2«xlRXl J /2.*C3* IX2“X 
915  SUM2»Cl#(X3*#3-X2**3)/3.-C2*(XJ»X3-X2«x2)/2.*C3*(X3-X2) 
SUM»SUM*SUM2 

903  RETURN 

911  LaL2 

00  TO  910 
ENO 
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SUBROUTINE  0E«<VP.VP,K,D€P1,DEB2,IJ) 

01  Mansion  VP ( 2S0 ) « XF ( 250 • .DERI (250) .0EO2 (250  I . YF (250 1 .DA (250 > 

KMMaK-2  

km5»k-S 

KM6sK~6 

VPDaVP(2)-VP(l) 

Z*1./(24.*VP0) 

Z*«Z*2. 

Z6aZ#(>. 

Zl2«Z*12. 

ITalJ 

DO  HOB  I«1.K 
808  XF { I ) ■ YF ( I ) 

806  Da  < 1 ) ■ <-3.»XF < 1 ) »4.*XF (3) -XF  <i> ) *Z6 
DA <2>a<-XF l 1)»XF (3)1*212 
DA(3)»<-xrrn.xF<s>)*Z6 

EP»ABS(DA(1) » 

APsABS ( DA ( 2 ) ) 

IF((AP.OT.(l.l-tP)).OH.(AP.LT.<0.91»CP())  00  TO  850 
00  TO  815 

850  0A(l>a<-3.*XF(l).4.*XF(2)-xF (3) >*Z12 
DA(3)«(-XF(2) .XF (* t ) *212 
8 i 5 DO  803  L»**KM6 

DA (L) ■ ("XF (L-2) -A,*XF (L«I ) *4.*XF (L*1)»XF(L*?)I*Z2 
EP«ABS (OA (L-l ) ) 

APaABS (DA (L) ) 

IF  ((AP.OT.(1.1*EP)>.OR.(AP.LT.«0.91*EPi)>  00  TO  85? 

G0  To  803 

852  DA(L)*(2.*XF(L-2)-16,*XF(t-ll*i6.*XF(L*l)-2.«XF(L»?n*Z 

803  CONTINUE 

DO  853  L"KhS(KMM 

853  Da(L)"<-XF(l-2>*XFIU*2>)*Z6 
0A<K-lta(-XP(K-3).XF<K-l))*Zl2 
0A(K)«(-XF (K.2) *xF(K) 1 *Z12 
IF(IT.Eo.3>  00  TO  841 

IF  < IT .10.4)00  TO  811 
IF(IT.E0.S)00  TO  813 
00  TO  854 

841  Call  se35(da,der?.i.k) 

RFTURN 

854  CALL  SE35(0A,0ERi,l.K) 

IF  ( IT.EO.lt  RETURN 
IT«3 

812  DO  804  lal.K 

804  XF(I)«0ER1(I) 

00  TO  806 

811  DO  856  l«1.K 
856  DERI (L)aDA(L) 

IT»5 

00  TO  812 

813  00  856  L-l.K 

855  DER?(L)aOA(L) 

RETURN 

ENO 
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SUBROUTINE  SE35(Y.Z.L1»K> 
DIMENSION  Y<?50) ,Z(250> 

L*K«Ll”4 

IF(L.LE.0)RETURN 
Ll*Ll 
L2»L 1*1 
L5«Ll*^ 

B.Y(Ll) 

C»Y(L2) 

Do  3 I»l5»K 

AbB 

BbC 

CbY(I-L2) 

DbC-B-Y(I-LI) 

DbD*D*C 

DbD*D*A*yU) 

Ir<I-L5)2,2,3 

2 Z(L1)*A,,0U?8S7i*O 
Z ( L2) *B* • 0S7 14286*0 

3 Z(I-L2)bC-»08571429*D 
ZtK-l>«YCK-i) ♦,0^714286*0 
Z(K)«Y(K)-*0142857l*D 
RETURN 

end 


LIST  OP  SYMBOLS 


The  symbols  used  in  this  report  are  given  below  with  their  interpre- 
tation in  alphabetical  form.  Greek  letters  are  treated  towards  the  end. 
In  many  instances,  the  location  of  a symbol  within  the  text  is  indicated 
instead  of  repeating  here  the  equation  for  it. 

coefficients  in  Appendix  C.5 
function  defined  in  Sq.  ( 1 70)  or  (190) 
function  defined  in  Bq.  (175)  or  (193) 
function  defined  in  Eq.(219) 
area  of  the  probe 


V V a3 


a1  (U) 
a2(U) 
»3(U) 


b2(u) 

b3(U) 


B±  (i  = 0 to  4) 


°1»  C2’  °3 


o2(U) 

o3(U) 


>,  D+ 


B 


area  for  current  flow  at  position  r within  the 

sheath 

area  at  the  sheath  position  for  current  flow 

variable  defined  in  Bq.  (l7l) 

function  defined  in  Bq.  (176)  or  (l  94-) 

function  defined  in  Eq.  (220) 

combinations  of  current  densities  for  various 
orientations  as  given  in  Eqs.  (241 ) to  (245) 

coefficients  in  Appendix  C.5 

coefficient  in  Bq.  (146) 

function  defined  in  Eq.  (l 77) 

function  defined  in  Eq.  (221 ) 

sheath  capacitance 

diffusion  coefficient,  for  electrons  and  ions 
respectively 

magnitude  of  the  electron  charge 
eleotrio  field  in  the  aotive  discharge 
eleotrio  field  due  to  the  probe  voltage  itself 
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* 

f f energy  distribution  function  in  coordinate  systems 

attached  to  the  probe  and  to  the  plasma  respectively 

isotropic  part  of  the  distribution  function 


fo1 

f3 

o 

(8f  At) 

o c 

* 

t.,  f1 


* f f f 

lx'  rly»  riz»  1 


f f 
rir*  i 


iy*  iz’  1Z 
s 


* 

f f 
«2*  z2 

f2ij>  f2xx*  f2yy, 
f"--»  f 97.7. » etC* 


2zz’ 

flms 


approximate  form  for  f 

o 

value  of  f at  the  colli slonless  sheath  boundary 

colli sional  term  for  f in  the  Boltzmann  equation 
directional  part  of  the  distribution  function 
various  components  of  above 

radial  component  of  and  its  value  at  the  colli- 
sionless sheath  boundary  respectively 

second  order  tensor  part  of  the  distribution  function 

various  components  of  above 


spherical  harmonic  components  of  the  distribution 
function 


f 

s 

f(x) 

F(e,k) 

G(k),  &fe,k) 
H(U) 


dl 


81 


voltage  sweep  frequency  applied  to  the  probe  to 
derive  experimentally  the  characteristic 

function  in  Appendix  G.5 

incomplete  elliptic  integral  of  the  first  kind 

respective  complete  and  incomplete  elliptic  inte- 
grals of  the  second  kind 

function  given  in  Eqs.  (338)  to  (31*4) 

current  to  the  probe  (either  total  or  of  a species 
according  to  the  context)  and  the  electron  and 
positive  ion  currents  respectively 

element  of  the  current  to  the  probe  in  a certain 
eleotron  energy  range 

various  contributions  to  the  current  arising  from 
the  fQ,  f1  and  parts  of  f 

current  contribution  to  a surface  element  before 
integration  over  the  probe  surface 
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6Io’  SIa’  6V  6Ic 

various  contributions  to  61 

12 

unit  tensor 

current  density  to  the  probe  and  the  electron, 
positive  and  negative  ion  contributions  respectively 

h 

current  density  normal  to  the  probe 

JoZ*  J1Z*  J 2Z * jlZ 

* 

contributions  to  the  above  from  the  f , f , f * _ 
and  1th  tensor  parts  of  f * 

Ji  o$>  ^26^*  he<t> 

contributions  to  j,  from  total  f,  f ^ , f2  and  1 1 
tensor  part  respectively,  for  a plane  probe  with 
normal  orientation  having  Eulerian  angles  6 and  <f> 

j1  z*  j2z 

J1Z  and  J2Z  with  6=0 

jz-  * Jz+ 

difference  and  stun  of  two  currents  to  both  sides  of 
a one-sided  plane  probe 

jQ»  ^ » ^2 

contribution  to  j from  f , f and  f„  as  given  in 

Eqs.  (238)  to  (240)  0 ~2 

with  6=2v  ,w/4,jr/2,3ir/4 
and  ir 

current  densities  to  a plane  probe  for  five  orienta- 
tions of  the  probe 

^e*  J+ 

electron  and  ion  current  densities  normalized  as  in 
Eq.  (386) 

JQ(r) 

zeroth  order  Bessel  function 

k 

Boltzmann's  constant 

k 

0 

variable  defined  in  Eq.  (214) 

k1 

variable  defined  following  Eq.  (217) 

k2 

variable  defined  following  Bq.  (229) 

k3 

variable  defined  following  Bq.  (224) 

Ko 

equal  to  2*re/m2 

K(k) 

complete  elliptic  integral  of  the  first  kind 

1,1  ,1 

0*  eef  0+ 

mean  free  path,  for  electrons  and  ions  respectively 

L 

lbngth  of  a cylindrical  probe 

in 

electron  mass 
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m or  m 
P + 

n 

V v n. 


n , n 
n*  p 


n , n 
ns  ps 


eo 


N 


V qs 
q1 

Q*  Qe»  Q+ 
r 


R»  Rfl»  R$»  Rij 


R 


R. 


positive  ion  mass 

charged  particle  density 

electron  and  positive  and  negative  ion  densities 
respectively,  the  latter  two  summed  over  species 
after  multiplication  by  the  respective  charge 
numbers 

above  at  the  colli sionless  sheath  boundary 

individual  negative  and  positive  ion  densities 
respectively 

above  at  the  collisionless  sheath  boundary 
charged  particle  density  in  the  bulk  of  the  plasma 
electron  density  in  the  bulk  of  the  plasma 
neutral  gas  particle  density 
gas  pressure 

associated  Legendre  harmonic  function 
Legendre  polynomial 

velocity  squared  parameter  defined  in  Eq.  (48) 

respective  values  of  q at  the  probe  surface  and  at 
the  sheath  boundary 

variable  defined  in  Eq  . (50)  or  (60) 

Weymouth's  parameters  defined  in  Eq.  (395) 

radial  distance  fi*om  the  probe  center 

radius  of  the  probe 

distance  of  the  sheath  boundary  from  the  center 
of  the  probe 

rotation  matrix  and  various  components,  defined  in 
Eqs.  (27)  to  (30) 

radius  of  a plane  probe  including  its  guard  ring 
radius  of  the  plasma  tube 

parameter  used  in  oollislonal  theory,  defined  in 
Eqs.  (378)  to(380) 
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temperature 


respective  electron,  positive  and  negative  ions 
and  gas  temperatures 

energy  of  the  charged  particle  in  joules 

particle  velocity  and  its  speed 

components  of  v in  the  probe  frame  of  reference 

values  of  V_  at  the  probe  surface  and  at  the  colli- 
sionless sheath  boundary 

same  for  Vy 

(kT  /n)\  electron  thermal  velocity 
o 

1 

(kTe/m+)^  ion  drift  velocity  at  the  sheath  edge 

average  speed  as  defined  in  Eq.  (357)  and  the  corres- 
ponding values  for  electrons  and  positive  ions  res- 
pectively 

electron  drift  velocity 

[2(v  T V )/m]?  or  [2(V  -V  )/ m]^  accord- 
the  context  a ^ 

[2(V-Vs)/m]* 

potential  in  joules 

probe  potential  with  respect  to  the  collisionless 
sheath  edge  if  Vs  is  not  specifically  written 

potential  at  the  collisionless  sheath  boundary 

potential  drop  across  the  collisionless  sheath  due 
to  the  external  discharge  eleotric  field  for  any 
orientation  and  for  6 • 0 respectively 

ion  directed  energy  at  the  collisionless  sheath 
boundary 

eleotron  temperature  in  joules,  kT  , defined  in 
Eq.  (279)  ® 

averaged  electron  energy  in  joules  defined  in 

Eq.  (278) 


(2V /m) 
ing"to 


w . w w, 
o 1 <. 


w , w , w_ 

oe  ’ I e ’ 2e 

w , w,  , w ' 

o+*  1+’  2+ 

y>  z>  *'»  y'»  z’ 

X,Y,Z 


c-j » x2*  *3* 


Ax 


y0»  *i 
z , z 

p’  n 


a 

a 


1 

P 

y 

r 

«(*) 

•« 


»? 

0 

0 


2 

3 


averages  over  the  distribution  function  defined 
in  Eqs.  (365)  to  (368) 

above  for  electrons 

above  for  positive  ions 

three  respective  coordinate  system  representations 

variables  used  in  Appendix  C.5 

variable  defined  after  Eq.  (292) 

parameter  defined  in  Eq.  (83) 

parameters  defined  after  Eq.  (93) 

charge  numbers  for  positive  and  negative  ion3 
respectively 

azimuthal  angle  around  a cylinder 
coefficient  defined  in  Eq.  (214) 
coefficient  defined  after  Eq.  (229) 
ra/(r*  - ra  ) 

pvjAf  defined  in  Eq.  (212)  and  after  Eq.  (229) 
integral  defined,  in  Eq.  (335) 
delta  funotion 
Krone cker  function 

gap  separation  between  the  central  disc  probe 
and  its  guard  ring 

permittivity  of  free  space 

parameter,  defined  in  Eqs.  (350  to  (353)» 

which  depends  on  1 /r 
o'  P 

ratio  of  electron  density  to  neutral  gas  density 

spatial  angle  defining  the  orientation  from  the 
z-axls  of  normal  to  the  probe  surface  element. 

angle  defined  in  Eq.  (1.67) 

angle  defined  in  Eq.  (196) 
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0 


*3.(1*  1.2,3) 
A 

s 

XD 

A 

A^ 


V V2 


5 


IT 


n(a2,k) 
Pe»  P + 


S 

r 


<P 

« 


«(*) 

X 


♦ 


polar  angle  in  velocity  space 

angle  defined  lr.  Eqs.  (55)  end  (65) 
angle  defined  in  Eqs.  (2)  and  (?B) 
acceptance  angle  for  the  spherical  grid  system 
angle  defined  after  Eq.  (267) 
coefficients  defined  in  Eq.  ( 1 31 ) 

3hoath  thickness 

Debye  length  defined  in  Eq.  (289) 

cross  denomenator  defined  in  Eq.  (389) 

denomenator  defined  in  Eq.  (406) 

mobility  and  corresponding  values  for  electrons 
and  positive  ions  respectively 

collision  frequencies  appearing  in  Boltzmann's  equa- 
tion for  £1  and  fg 

angle  appearing  in  Eq.  (123) 

angle  defined  after  Eq.  (217) 

3.14159 

complete  elliptic  integral  of  the  third  kind 
parameters  defined  in  Eq.  (386) 
electrical  conductivity  of  the  plasma 
summation  sign 

a measure  of  electron  to  ion  temperature  defined 
in  Eq.  (376  ) 

azimuthal  angle  in  configuration  space 
azimuthal  angle  in  velocity  space 
angle  defined  in  Eqs.  (73)  and.  (104) 
error  function 

space  charge  potential  in  volts 
angle  appearing  in  Bq.  (123) 
funotion  defined  in  Eqs.  (331 ) to  (333) 
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